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Convolutions and Sums of Independent R.V.



Convolutions

Definition: The convolution h = f x g of two functions f, g : R — R is given by

(Fa)a = [ ¥ @ - w)gu) du

Fact: Let X ~ f and Y ~ g be independent. Then
1. h = f = gis adensity

2. h = fxgisthedensity of X +Y

Cor: If f, g, h are densities then f x g =g=* fand (f xg) *h = f = (g * h).



Univariate Normal Distribution



Univariate Normal

Recall: Given i € R and o2 > 0 the N'(u, 02) distribution has the (bell-shaped)
density function

o) = o {-E) o

> parameters p and o fully determine the density f

» special case u = 0 and o2 = 1 gives standard normal

Notation: If ar.v. X has density f, we write X ~ N (u, 02)



Univariate Normal, Properties

Basic Properties: If X ~ A (u, o2) then
> EX = pand Var(X) = o2
> aX + b~ N(ap+b,a%5?)

> X £ 57+ uwhere Z ~ N(0,1)

Fact: If X ~ N (u,0%) and Y ~ N (n, 72) are independent then

X+Y ~N(p+n,0>+7°)

Fact: If X ~ N(0,1) thenEX* =1 x 3 x - x (2k — 1) if k is even, and
EX* = 0 when k is odd



Other Continuous Univariate Distributions



Exponential and Double Exponential

Recall: For 6 > 0 the Exp(#) distribution has density f(z) = 6~ le=*/% forz > 0
Fact: If X ~ Exp(#) then EX = ¢ and Var(X) = 62

Fact: If X, Y ~ Exp(6) are independent then X — Y has a double exponential
distribution, written DE(6) with density

flz)= 2—196"1‘/9 —oco <z <00



The Gamma Function

Definition: The gamma function is I'(a) = [;° 2> e % dw fora > 0

Basic Properties of the Gamma Function
1) T(1) =1land ['(1/2) = 7
(2) T(a+1)=al(a)

(3) I(n) = (n—1)!

Aside: Stirling’s approximations
1) T(a+1) ~ V27« (%)a

(2) n!=+v2mn (%)n o Where el/(12nt1) <5, < 1/(12n)



Gamma Distribution

Definition: The gamma distribution with parameters «, 8 > 0, denoted Gam(«, 8),
has density
1

a—1_—z/8
T e x>0
B ()

f(z) =

Terminology: « is called the shape parameter, S is called the scale parameter

Fact
1. If X ~ Gam(e, B) then EX = a8 and Var(X) = a 32
2. If X ~ Gam(e, 8) and s > 0 then sX ~ Gam(a, sf3)

3. If X ~ Gam(au, 8) and Y ~ Gam(az, 8) are independent
then X +Y ~ Gam(a1 + a2, 8)



Chi-Squared Distribution

Definition: The chi-squared distribution with & > 1 degrees of freedom, written x2, is
equal to Gam(k/2,2). Thus the x? distribution has density

I SR 722 gy
f@) = 2R/2T(k)2) * ©

Fact: If Zy, ..., Z; areiid N(0,1) then Z2 + - Z2 ~ X2

Cor: If X ~ x2 then EX = k and Var(X) = 2k



Beta Distribution

Definition: For r, s > 0 the beta distribution, denoted Beta(r, s), has density

F('f’ + S) :Br—l

W 1-2)*1 o<z<1

f(@) =
Note: Shape of Beta(r, s) density is flexible (see Wikipedia page)
> symmetric about 1/2if r = s
> skewedrightif 1 < r < s, skewed leftif1 < s < r

» uniformif r = s = 1, unimodal if r = s > 1, U-shaped if r = s < 1

Fact: If X ~ Beta(r, s) then

r rs
Var(X) = —1°
r+s ar(X) (r+s)2(r+s+1)

EX =



Stein’s Lemma



Stein’'s Lemma

Stein’s Lemma: Let Z ~ N(0,1) and let f : R — R have derivative f’. If the
expectation of f/(Z) is finite then

E(Zf(2)) =Ef'(2)

Proof: Integration by parts.

Corollary: If X ~ N(u,0?) and the expectation of f/(Z) is finite then

E((X = w)f(X)) = o’Ef'(X)



Application: Moments of the Normal Distibution

Let X ~ N (0,02). We know EX = 0 and EX? = 2. What about higher moments?

Fact: If X ~ N(0,02) then EX* = 0 when k odd and for all k > 1

Ex2k — 2k H(Ql —1



