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Extending Weak Convergence

Of interest: Extending existing weak convergence results, in particular
the multivariate CLT, to more complex settings. Key tools:

» Continuous mapping theorem
» Slutsky’s theorem

» The Delta method



Continuous Mapping Theorem



Extending Weak Convergence: Continuous Mapping Theorem

Theorem (CMT): Let g : R — R* be a function with continuity set
C(g) = {z € R? s.t. g is continuous at z}.

If X, = X inR?and P(X € C(g)) = 1, then g(X,) = g(X) in R*

Note: If g is continuous then C(g) = R? and weak convergence extends
from X, to g(X,) without further assumptions



First Examples of Continuous Mapping Theorem

If X1, Xo5,...are random variables with X,, = X ~ N(0,1) then
> X2 = X2 ~ x? distribution
> % = X ~ Log-normal distribution

> X, != X!~ Inverse normal distribution



Slutsky’s Theorem



The Gluing Lemma

Lemma: Let X1, X5,... € R?and Y1, Ys,... e R*. lf X,, = X and Y,, = v,

a constant vector, then
Xn - X
Y. v

Note: Result does not hold if weak limit of Y,, is not constant

Example: Let Z ~ N(0,1). Define X,, = Zand Y,, = (—1)"Z. Theniitis
easy to see that X,, = Z and Y,, = Z, but



Slutsky’s Theorem

Idea: Apply Gluing Lemma and CMT to different continuous functions g(z, y)

Theorem: Suppose that X,, = X in R¢
1. fY,=vthen X, +Y, = X +wv
2. fY, =o0,(1)then X,, + YV, = X
3. fZ, =cthen X,,Z,, = Xc

4. 1§ Z,#0and Z, = c#0then X,, Z;' = ¢ 'X



The Delta Method



The Delta Method

Motivation: Suppose that X, X5, ... € R satisfy the usual CLT
n'?(X, — p) = N(0,1)

Let ¢ : R — R be differentiable at n. Expanding ¢ in a Taylor series around ,
an informal argument using the CMT and Slutsky yields

n'2(@(Xn) = ¢(1) = N0, (n)*)

Upshot: Asymptotic normality of X,, yields asymptotic normality of ¢(X,,)

Task: Make this rigorous



A Connection Between Standard and Stochastic Order

Fact: Let X;, X5,... € R? be random vectors with X,, = 0, (1) and
let ¢ : R — R satisfy ¢(0) = 0. Fix ¢ > 0.

1. It ¢(z) = o(||z||?) as = — 0 then ¢(Xn) = op (|| Xnl[?)

2. It g(x) = O(||z[|*) as © — 0 then ¢(Xn) = Op (|| Xnl?)



The Delta Method, Formal Statement

Theorem: Suppose 11,73, ...,V € R* and 6 € R? are such that
ro(Tn —0) = V where r, — oo

If ¢ : RY — R” is differentiable at 6 with derivative matrix ¢(#) € R**< then

ra($(Tn) = 6(9)) = $(O)V

Cor: If n'/2(T;, — 0) = Na(p, %) and ¢ : R? — R* is differentiable at 6 then

n'2($(Tn) = 9(0) = Nu(d(0), (0)£(6)")



Delta Method, First Examples

Let X1, X2, ... € R be iid with E(X;) = p and Var(X;) = 0 < co. By CLT

n'?(X, —p) = N(0,0°)

A. CLT for (X ,)?: delta method gives n'/?((X,)? — %) = N(0,40%u?)

A’. CLT for (X ,,)?: when p = 0 direct analysis gives n(X,)? = o?x}

B. CLT for (X,,)~": if u # 0 we have n'/? (X)) ™" — ') = N(0,0°/u*)



Skewness and Kurtosis

Definition: Let X € R be a random variable
> Forj > 1let a; = EX? (moments of X)
> Forj > 1let u; = E(X —EX)? (central moments of X)
> The skewness of X is A(X) = ps/p/? = ps/o®

» The kurtosis of X is x(X) = pa/p3 — 3

Note: For Z ~ N (0,1) it is easy to see that \(Z) = k(Z) =0
> \(Z) # 0 for asymmetric distributions

» x(Z) > 0 for distributions with heavier tails than the normal



Sample Variance, Consistency

Let X1, X»,...X € Rbeiidwith EX = p, Var(X) = 0%, and EX* < o0

Goal: Inference about Var(X). Natural starting point is sample variance

$2 = L3 (X - X, = XD (X
n

i=1

— - L
where X, =n" '3 "  X;and X, =n" '3 X7

Consistency: By LLN X,, — EX and X — EX2 wp1, s0

52 5 EX? — (EX)® = o” wpl



Sample Variance, Asymptotic Normality

Fact: If X;, X»,... € R are iid with EX} < co then we have

n2(S2 — 0%) = N0 — 1i3)

Corollary
1. nt2(S2 /0% — 1) = N(0, k + 2) where k = pua/p3 — 3 is kurtosis of X

2. If X; ~ N(0,0?) then pa = 30 so n'/?(S2 — o) = N(0,20*)



Confidence Interval for Var(X)

Goal: TestHyp : 02 < 1vs.H; : 02 > 1 based on X1, ..., X, iid

Normal theory approach
> If X; ~ N(u,0%) then nS; /o ~ xi_1
> In worst (boundary) case o> = 1 we have nS2 ~ x2_;

> Reject Ho if n.S2 > x2_1 .. = upper (1 — ) percentile of x2_,
distribution



Confidence Interval for Var(X)

Question: What is level of this test if Var(X;) = 1 but X; not normal?
> If W, ~ x2 then (W,, —n)/(2n)"/? = N(0,1)

> This implies (x2 . —n)/n'/? — /22, and therefore

=)

Py (nSE>xa 1) —1-0 (

Upshot

» Asymptotic level of test is « iff kurtosis « of X is zero. As kK — oo
level converges to 1 — ®(0) = 1/2, which is anti-conservative

> When E|X;|* finite, formulate test based on limiting distribution
n'/2(S8%/o? — 1) = N(0, k + 2) plus estimate of



Variance Stabilizing Transformations



Variance Stabilizing Transformations

Setting
> Family P = {P, : 6 € ©} of distributions on R? with © C R
» Observations X1, Xs, ... iid with X; ~ Py

» Goal: Confidence interval for 6 using estimates T;, = T,,(X7')

Common situation
> If X; ~ P, then n'/?(T,, — 6) = N (0, s*(6)), for some function s2()
» Natural Cl for 6 is To, + z4/25(0)/v/n

> Problem: Cl depends on unknown parameter ¢



Variance Stabilizing Transformations

Recall: Estimates T,, = T,,(X7') such that n!/2(T;, — 0) = N(0, s*(6))

Idea: Variance stabilizing transformation

> Find invertible map ¢ : © — © s.t. n'/2(¢(T%) — ¢(8)) = N(0,52),
that is, asymptotic variance o2 is independent of

» Obtain Cl ¢(Tn) £ 2z4/20/+/n for ¢(8) from CLT

» Obtain Cl for @ by applying ¢~ to Cl for ¢(6)

o (o222 o o+ 22




Variance Stabilizing Transformations

Suppose: © = (a,b) and asymptotic variance s*(9) > 0 forall § € ©

> Define ¢(6) := [ -tsdu. Note ¢'(6) = g5 > Oforall 0 € (a,b)

> Definition ensures ¢ is strictly increasing and ¢’(0)s(6) = 1 for all 6

» The delta method gives
n2($(Tn) — $(0)) = N(0,¢'(6)*s(6)) = N(0,1)

> Form Cl ¢(Tn) % z4/2/+/n for ¢(0)

» Cl for 0 is given by

o (- 52 s+




Example: Sample Correlation Coefficient

Setting: Bivariate observations

Xl X2 X 2 . 4 4
{ Y: },[ Y, ],...,[ v } € R” iidwithEX* EY”" < o0

Notation: 0% = Var(X), o2 = Var(Y), and ox v = Cov(X,Y)

Goal: Estimate the population correlation coefficient p := ox v /ox oy

» Recall that —1 < p < 1, with equality iff Y = aX + b



Sample Correlation Coefficient, Consistency

Definition: The sample correlation coefficient is 7, := Sx v /Sx Sy, where
i=1 i=1
are the sample variances of X and Y, and the sample covariance

S = - (X = Xa) (Vi = V)

Consistency: The law of large numbers ensures that wp1
Si%a’i7 S;%-)O')Q/, Sxyy—>0'x,y

and therefore 7, — p wp1 as well



Sample Correlation Coefficient, Asymptotic Normality

Outline: Begin with CLT for average of sample vectors
LS (X XYL YR X))
n
i=1

Then apply the delta method to establish a CLT for 7,
Fact: If (X;,Y;)! are jointly normal then n'/%(#, — p) = N(0, (1 — p*)?)

In this case variance stabilizing transformation takes the form

G S
z,b(u)f/o du = Jlog T = tanh~ (u)

1—u?

and we have n'/2(¢(7n) — ¢(p)) = N(0,1)



