STOR 565 Homework

A. Calculus and Elementary Inequalities

1. By graphing the functions f(x) = 1+x and g(z) = €?, argue informally that 1+x < e* for
every number z, and find one value of z where equality holds. Deduce from this inequality

that logy <y — 1 for every y > 0.

2. Let x = x1,...,x, be a univariate sample of n numbers. It is a standard, and important,
fact that the quantity h(a) = 3 (z; —a)? is minimized when (and only when) a is the sample

mean m(z) =n~1 Y " | z;. Here we show this in two different ways.

a. Take a derivative of h to find the number a that minimizes or maximizes the function
h, and then take another derivative to show that the number you found minimizes the

function.

b. Consider the expression for h. Add and subtract m(z) inside the parentheses, expand
the square, and take the sum of these terms. Note that one of the sums is zero, and one
of the terms does not depend on a. Use this to show that the sample mean minimizes

h(a).

c. Use what you’ve shown above to find the following
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3. (Inequalities from Calculus) Use calculus to establish the following inequalities.

a. (1+u/3)3 > 1+ u for every u >0

b. z+z ! >2forxz>1

4. Inequalities for log(1 + z) and log(1l — z) from Taylor’s theorem.

a. Expand the function h(v) = log v in a third order Taylor series around the point v = 1.

(1), K" (1), and A" (u) for

"

(Thus you will be expressing h(1 + z) in terms of x, h(1), h

some u between 1 and 1+ x. Note that z may be negative.)

b. By examining the final term in the series, show that log(1 + z) > x — 22/2 for z > 0.



c. By examining the final term in the series, show that log(l — x) < —z — 2?/2 for

0<x<1.

5. Let h(u) = (1 4+ u)log(l + u) — uw. (This function appears in Bennett’s exponential

inequality for sums of independent, bounded random variables.)

a. By considering the first few terms of the Taylor expansion of h(:) around zero, show

that for every u > 0
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b. (Optional) Use calculus to establish the stronger bound that for every v > 0
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6. Show that zy < 3z% + y?/3 for 2,y > 0.
7. Show that |e® — eb| < e®el*=tl |a —b).
8. Let ai,...,a, be real numbers. Show that n=' 37, [ax| < (n™ 1327, a?)V/2.

9. Let ay,...,a, and by, ..., b, be numbers in the interval [—1,1]. Establish the inequality

n

lay---ap —b1---by| < Z!az‘—bi\
i=1

Hint: Use induction and the fact that ajas — b1be = (a1 — by)az + by (az — be).

10. Show that for each number u© € R we have
min(u, 1 —u) = ul(u <1/2) 4+ (1 —u)I(u > 1/2)

Hint: Consider separately the cases u < 1/2 and u > 1/2.

11. Find the gradient and Hessian of the function f : R? — R defined by

flx) = m%azg 4+ 3x1 —bxa +1

12. Let f:R% — R be defined by f(x) = x!Ax where A € R%*? is symmetric.



a. Show that the gradient of f is given by V f(x) = 2Ax.

b. Show that the Hessian of f is given by V2f(x) = 2A.

13. Use calculus to show that for v € (0,1)

u2

mz-log(l—u)—u



B. Linear Algebra and Matrices

1. Let (u,v) = ulv = 2?21 u; v; be the usual inner product in R%. Recall that the norm
of a vector u € R is defined by |[|u|| = (u,u)/2. Use this definition, and the definition of
vector sums and scalar multiplication to establish the following.

a. Show that (u,v) = (v,u)

b. Show that (au,bv) = ab (u,v)

c. Show that (u+w,v) = (u,v) + (w,v)

d. Show that [|u|| = 0 if and only if u = 0.

e. Use the definition of the norm to show that ||u + v||* = ||ul|* + 2(u, v) + ||v|[*.

f. Use this equation and the Cauchy Schwarz inequality to establish the triangle inequal-

ity for the vector norm, namely ||u+ v|| < |u|| + [|v]].

g. The standard Euclidean distance between two vectors u, v € R is defined by d(u, v) =
|lu—v||. Establish that d(u,v) < d(u, w)+d(w,v) for any vectors u,v, z € R%. Draw

a picture illustrating this result.

2. Let X € R™*P be the data matrix associated with n samples x1,...,x, € RP such that
> x; = 0. Answer the following. You may use arguments from class, but clearly explain
your work.

a. Define the sample covariance matrix S in terms of X. What are the dimensions of S?

b. Show that S =n=1t3""  x;x!

c. Show that S is symmetric and non-negative definite

d. Let Ay > Ao > -+ >\, > 0 be the eigenvalues of S. Show that Y -¢_, A = n™ | X|[?

e. Show that if p > n then rank(S) < p and S is not invertible. Hint: recall that
rank(S) = rank(X! X) = rank(X) < min(n, p).

f. For any vector v € RP we have n™1 Y7 | (x;,v)? = v!Sv.

3. Let u = (u1,...,uq)" be a vector in R,

a. Show that ||u|| < |ui|+ -+ |ug|. Hint: use the fact that for a,b > 0 one has a < b if
and only if a? < b%. Give an examples with d = 2 where the bound holds with equality,

and where one has strict inequality.



b. Use the Cauchy-Schwarz inequality to get the upper bound |ui|+-- -+ |uq| < ||ul| d/2.
Find an example where the bound holds with equality.

4. Let ay,...,a, be positive numbers. Use the Cauchy-Schwartz inequality for inner prod-
ucts to show that n? < (37_; ax)(3F_; a;;'). Hint: Begin with the identity 1 = a,lﬁ/2 agl/Q

which holds for k =1,...,n.

5. (Norms of outer products) Let u € R* and v € R! be vectors. Find an expression relating
the Frobenius norm of the outer product |[uv!|| to the Euclidean norms of the vectors ||ul]

and ||v]||.

6. Show that if v, vy are eigenvectors of a symmetric matrix A with different eigenvalues,
then vy, vy are orthogonal. Hint: Begin by taking transposes to show that v{Avsy and

vhAv; are equal; then use the definition of an eigenvector and simplify.

7. Recall that the Frobenius norm of a matrix A € R™*™ is given by ||A[| = /3", Y%, aF;,

the square root of the sum of the squares of the entries of the matrix. Establish the following
properties of the Frobenius norm for matrices.

(a) ||A]| = 0if and only if A =0

(b) [[bA[| = [b][|A]]

(¢) [JA2 =30 [lai|* = > i ||a.;||?. Here a;. denotes the ith row of A, and a.; denotes
the jth column of A.

(d) ||ABJ| < [|A]|||/B]||.- Hint: Use Cauchy-Schwarz.

8. Recall that the trace of an n x n matrix A = {a;;} is the sum of its diagonal elements,

that is tr(A) = D7 | as.

a. Show that tr(A) = tr(A?).

b. Let A be an n x p matrix, and let B be a p x n matrix. Note that if n # p then AB
and BA are square matrices with different dimensions. Nevertheless, use the fact that

(AB);i = > 5_, aij bj; to establish the important identity tr(AB) = tr(B A).



¢. By applying the identity above multiple times, show that if A, B, and C are square

matrices of the same dimension then
tr(ABC) = tr(BCA) = tr(CAB)

Show that if A, B, and C are symmetric then, in addition, we have tr(ABC) =
tr(A CB). Note that this equality is not true in general.

d. Suppose that B = {b;;} is an m x n matrix. By considering (B’ B);;, show that
m n
I
i=1 j=1

which is the square of the Frobenius norm ||B||? of B.

9. Suppose that vy, ..., vy are orthogonal vectors in R™. Show that || Zle vil|? = Zle [[v4]]2.
Interpret this in terms of the Pythagorean formula relating the length of the hypotenuse of
a right triangle to the lengths of the other edges.

10. Let A and B be invertible n x n matrices. Argue that (AB)™1 =B~! A~

11. Let A be an n X n matrix. Show that if A has rank n then Ax = 0 if and only if x = 0.

Hint: If A has rank n then its columns are linearly independent.

12. Let A € R?? be symmetric. The spectral theorem tells us that there is an orthonormal

basis v1, .. .,vq for R% such that each v; is an eigenvector of A.

a. Show that the d x d matrix I = [vy, ..., vy4] is orthogonal, that is I''I' = I;. Note that
this implies I'T? = I, though you do not need to show this.

b. Let D = diag(\1,...,A\g) be the d x d diagonal matrix with D;; equal to the ith
eigenvalue of A and all other entries equal to zero. Show that AI' =T'D.

c. Conclude from the expression above that A can be written in the form A = I'DI'

13. Recall that any symmetric matrix A € R4*?¢ can be written in the form A = I'DT?,
where I' € R%*? is an orthogonal matrix and D = diag(\1,...,\q) is a diagonal matrix
with D;; equal to the ith eigenvalue of A and all other entries equal to zero. Suppose that
A is non-negative definite, so that each \; > 0. Define AY/2 = I'DV2I'* where D'/2 =
diag(/\i/Q, ce )\:/2). Show that A'/2 is symmetric and satisfies AY/2AY/2 = A.



14. Let A, B € R™*"™ be a matrices.

a. Show that A = B iff Ax = Bz for all x € R".

b. Let v1,...,v, be a basis for R™. Show that if Av; = Bv; for 1 <i < n then Az = Bx
for all x € R™.

R4%d ig non-

15. (Non-negative definite matrices) Recall that a symmetric matrix A €
negative definite (written A > 0) if u!Au > 0 for every vector u € R?, and is positive

definite (written A > 0) if u!Au > 0 for every non-zero vector u € R?.

a. Show that if a matrix A > 0 then its diagonal entries are non-negative. Hint: Let u
be a standard basis vector having one component equal to 1 and all other components

equal to 0.
b. Show that if A > 0 then all its eigenvalues are non-negative.

c. It is tempting to think that if A > 0 then all its entries are non-negative, but this is

not the case. Consider the matrix

A =
-1 1
Show that A is non-negative definite, but not positive definite. What is the rank of
A?
d. Modify the (1, 1) entry of A to produce a positive definite matrix B. What is the rank
of B?

16. Let UD V! be the singular value decomposition of an m x n matrix A with rank r,
where U, D, and V are as given in class. Describe the matrices U, D, and V in detail (you
may repeat what is in the notes), and establish the identity 4 = >"\_; 0;(A)u;v!. Here u;

and v; are the ith columns of U and V, respectively.

17. More on the SVD. Let A be an m X n matrix with real valued entries.

a. Show that a number ) is a non-zero eigenvalue of A A' if and only if it is a non-zero

eigenvalue of At A.



b. Let A = 37", 0;(A)u;vj be the SVD expansion of A. Show that for each 1 <d <r

we have

i=1 =l
Hint: It may be helpful to use the identity ||B|/r = tr(B'B)

18. Define hyperplanes H; = {z : z'u; = ¢;} for 1 < i < m where uy,...,u, € R"
are linearly independent, and ci,...,¢, € R. What can you say about the intersection

t t

N~ H;? Hint: Consider the linear equation Uz = ¢ where U has rows uj,...,u;, and

c=(c1y...,em)t.

19. Let u,v € R% Show that the set H = {x : ||z — u|| = ||z — v||} of points equidistant
from u and v is a hyperplane. In particular, find a direction vector w and offset b such that
H = {z : z'w = b}. (Hint: square each norm in the definition of H and simplify.) Show
that H is orthogonal to the line connecting u and v, and note that v and v are equally far

from H. Thus, H is the perpendicular bisector of line connecting v and v.

20. Let uy = (—1,2,0)" and uy = (2,4, 3)". Find the projections of u; and uy onto v where:

a. v=(0,1,0)"
b. v =(1,1,1)
c. v=(1,0,-1)

21. Let vi,vo € R? be orthonormal vectors with span V' = {av; + Bvs : a, 8 € R}. For
u € R? define the projection of u onto V to be the vector v € V that is closest to u,

projy (u) = argmin ||[u — v||.
veV

Show that projy-(u) = (u,v1) vi + (u, ve) vo. Hint: Adapt the argument used in class for

the projection onto a one-dimensional subspace.

22. Measuring the variability of a set of vectors. Let xi1,...,%, € RP be a sample of
n p-dimensional vectors. We can measure the extent to which a vector u € RP acts as

representative for the sample through the sum of squares

S(u) =3 lIxi — ulP”.
=1

8



a. Show that S(u) is minimized when u is equal to the centroid

1 n
=1
If the general case seems difficult, consider first the case when p = 1.

Consider the two variance-type quantities
i = n;HXi—XH and Vp = W;;HXZ'_XH .

Note that Vi and V5 are non-negative.

o

. Carefully describe Vi and V3 in plain English.
c. Give necessary and sufficient conditions under which V; = 0.
d. Give necessary and sufficient conditions under which V5, = 0.

e. Show that

n

SN ¥ xtx = X O xy) = n? x|
i=1 j=1

i=1 j=1

f. Using the identity from part e., and some additional calculations, show that

1 & B
Vi=WV, = ﬁZHXin—HXII2
=1

23. Let x; = (—1,2,0) and x2 = (2,4, 3). Find the projections of x; and x2 onto uy where:

a. ug = (0,1,0)
b. ug = (1,0,-1)

24. Consider the 3 x 3 matrix A below:

11 3
A=10 1 2
1 01

a. What is rank(A)?
b. What is det(A)?

c. Calculate the eigenvalues and corresponding eigenvectors of A. (Note: in this example

the number of non-zero eigenvalues is less than the rank of the matrix.)



C. Probability

1. Let X,Y be random variables and let a,b > 0. Define events
A={|X|>a} B=A{Y|>2b} C={|X+Y|>a+1}

a. Argue that if a > |X| and b > |Y| then a +b > | X + Y.

b. Conclude that A¢ N B¢ C C°.

c. Show using Boolean algebra that C C AU B.

d. Conclude using the properties of probability that P(C) < P(A) + P(B).

e. Reason similarly to show that P(|XY| > a) <P(|X]| > a/b) + P(|Y| > b).

2. Let P be a probability measure on a set X. Recall that if A and B are subsets of X and
P(B) > 0, then the conditional probability of A given B is defined by

P(AN B)

PAIB) = —5

Show the following.

a. If A and B are disjoint then P(AUB|C) = P(A|C)+ P(B|C)
b. P(A°| B) =1— P(A|B)
c. f AC Bthen P(A|C) < P(B|C)

3. Let X be a set and let A, B be subsets of X. Recall that the indicator function of A is

defined by
1 ifzed

Ta(z) =
0 ifze A
a. Show that T4c =1 —14.
b. Show that I4 — g = Ige — I 4e.
c. Show that Tgng =1415.
d. Let w,v € {0,1}. Show that I(u # v) = |I[(u = 1) — I(v = 1)|. Hint: Consider
separately the cases I(u # v) = 0 and I(u # v) = 1.

4. Let A, B,C be events in a random experiment with probability measure P. Carefully

show the following.

10



a. max(P(A),P(B)) < P(AUB).

b. P(A) < P(AUB) + P(B°).

c. P(A|BNC)> P(ANB|C).

d. P(A|BNC)> P(A|C)P(B|ANC).

5. Let (X,Y) be a discrete random pair with joint probability mass function p(z,y). Recall
from the lecture notes that we may define E(Y[X) = ¢(X) where p(z) = > yp(ylz).
Establish the following.

a. If Y >0 then E(Y|X) >0
b. E(aY +b|X) =aE(Y|X)+0b
c. E{E(Y|X)} =EY

6. Let Xq,...X, be independent and identically distributed random variables. Calculate
E[X1| X1 +...+X,, = z]. (Hint: Consider E[S,|X;+...+X, = 2] where S, = X;+...+X,

and use symmetry.)

7. Let X,Y be non-negative random variables with joint density function f(z,y) = y~* e T/ ey

for z,y > 0.

a. Find the marginal density f(y) of Y

b. Find the conditional density f(z|y) of X given Y =y
c. Find E[X |Y =y]

d. Find E[X|Y]

8. Let X be a discrete random variable taking values in a finite (or countably infinite) set
X, and having probability mass function p(z) = P(X = z). Let h : X — [a,b] be any
function.

a. Write down the sum for Eh(X).

b. Show that Eh(X) = a if p(xz) > 0 only when h(z) = a.

c. Establish the reverse implication: if Eh(X) = a then p(z) > 0 only when h(z) = a.
Hint: Assume to the contrary that p(z’) > 0 for some 2’ € X with h(z') # a. As h
takes values in [a, b], we have h(2’) > a. Use this to show Eh(X) > a.

11



d. Following the arguments above, show that Eh(X) = b if and only if p(z) > 0 implies
h(z) ="b.

9. Let (X,Y) € X x )Y be a jointly distributed pair. Assume that X and ) are finite. Recall
that X and Y are independent if P(X = z,Y =y) =P(X = 2)P(Y =y).
a. Show that if X and Y are independent then P(X = x|Y = y) does not depend on y.

b. Let y € Y be fixed. Show that if P(Y = y| X = x) does not depend on z then it is
equal to P(Y = y).

c. Suppose that for each y € ) the conditional probability P(Y = y|X = z) does not
depend on x. Show that X and Y are independent.

12



D. Order

1. Let {a1,...,a,} and {b1,...,b,} be two sequences of numbers. Rigorously establish the

following inequalities.

a. min{a;} + min{b;} < min{a; +b;} < min{a;} + max{b;}
b. —min{a;} = max{—a;} and —max{a;} = min{—a;}

c. max{a;} — max{b;} < max{|a; — b;|}

Use part (b) to find a chain of inequalities like that in part (a) for maxima

2. In each case below find mingcy f(x), argmin,cy f(x), maxzcx f(x), and argmax,c y f(x).
Indicate when the min or the max do not exist. It may help to sketch the functions.

a. f(x) =sinz with X = [0,27] and X = [0, 7]

b. f(z) = 2% with X = [-2,2], X = (-2,2], X = (-2,2)

c. f(x) =min(z,1) with X =[0,2] and X = (—2,2]

3. Let Uy,...,U,, be random variables. Find an inequality relating E(min;<;j<,, U;) and

min;<j<m, EU;. Hint: Begin by noting that mini<;<,, U; < U}, for each k.

4. (Saddle points and minimax) Let X and ) be sets and let f : X x) — R be any function.

a. Show that, with no further assumptions,
sup inf f(z, < inf sup f(x 1
yegxexf( y) < wexyegf( Y) (1)
This simple fact plays an important role in optimization, where it implies the weak duality
property of the Lagrange dual problem, and in game theory, where it has connections with

Nash equilibria. A pair (z,7) € X x ) is called a saddle point for f if

@) < f(@9) < f(x,§) foreveryzeX andyey

b. Show that if (Z, ) is a saddle point for f then
f(@,9) = inf f(z,y) and f(Z,9) = sup f(Z,y)
xEX yey
To see how these inequalities explain the use of the terminology “saddle point”, assume
that f is nice and smooth, and sketch what it will look like in a neighborhood around

the point (z,7).

13



c. Show that the existence of a saddle point implies equality in inequality (1) above.

d. Evaluate both sides of (1) when X = [0,1], Y = [~1,1], and f(x,y) = 22y.

5. Let aq,...,ay, be real numbers, and let bq,...,b, be positive. Show that

.a; a4 -+ an a;
mn — < —— < max —
1<i<n b; b1 +---+b, 1<i<n b;

14



E. Convexity

1. Show that the following subsets of R¢ are convex.

a. The emptyset

b. The hyperplane H = {x : z'u = b}

c. The halfspace Hy = {x : z'u > b}

d. The ball B(zg,r) = {z : ||z — z0|| < r}

2. Let C4,...,C, C R% be convex. Show that the intersection N, C; is convex.

3. Recall that the convex hull of a set A C R, denoted conv(A), is the intersection of all
convex sets C' containing A. Show that conv(A) is equal to the set of all convex combinations
Zle «; xi, where k > 1 is finite, z1,...,x; € A, and the coefficients a; are non-negative

and sum to one.

4. (Set sums and scaler products) Given sets A, B C R? and a constant o € R define the

set sum and set scaler product as follows:

A+B = {z+y:zc€Aandye B} oA = {ax:zec A}

<

. (Optional) Show that if A is open then A+ B is open regardless of whether B is open.
b. Show that if A and B are convex, then so is A + B.

c. If A is convex is A + B necessarily convex?

o,

. Show by example that, in general, 24 # A 4+ A.

. Show that if A is convex then oA + fA = (o + B)A for all o, 5 > 0.

(oW

5. Identify the extreme points (if any) of the following convex sets.

a. The hyperplane H = {x : z'u = b}
b. The halfspace H, = {z : x'u > b}

c. The closed ball B(xg,7) = {x : ||z — x0|| < r}

6. Let f: C — R be a strictly convex function defined on a convex set C' C R™. Show that

argmax,cc f(x) is contained in the set of extreme points of C.

15



7. (Operations on convex functions that produce new convex functions) Let C C R? be a
convex set and let fi,..., fn : C'— R be convex functions. Use the definition of convexity

to establish the following.

a. If a1,...,a, are non-negative then g(x) = Y | a; fi(x) is convex on C.
b. The function g(x) = max<;<y, fi(z) is convex on C.

c. If h: R — R is convex and increasing then g(z) = h(f(z)) is convex on C. (Recall

that h is increasing if v < v implies h(u) < h(v)).

8. Define what it means for a function to be strictly convex. Define the notion of a global

minima. Show that the global minima of a strictly convex function is necessarily unique.

9. Let hy : R — [0,00) be defined by hq(z) = |z|* where a > 0 is fixed. Sketch h,(z) for

a =1/2,1,2. For which values of a is h,(x) convex? Justify your answer.

10. Let f : R™ — R be a convex function. For v € R the ~-level set of f is defined to be

the set of points x where f(z) is less than or equal to . Formally,

a. Draw some level sets for the convex functions f(z) = 22 and f(x) = e~®. Note that

L, (f) may be empty.

b. Show that for each 7 the level set L, (f) is convex. Hint: If L. (f) is empty then it is

trivially convex. Otherwise, use the definition of a convex set.

11. Let aq,...,a, and by,...,b, be positive constants.

a. Use Jensen’s inequality to establish the Arithmetic-Geometric mean inequality

b. Establish the inequality
(Moya)'™ 4 (Moyb) " < (g (ag + i)™

Hint: First divide the LHS by the RHS.

16



12. Use the second derivative condition to establish whether the following functions are

convex or concave. In each case, sketch the function.

a. The function f(z) = n (—oo,00).
b. The function f(x) = +/x on (0, c0).
c. The function f(z) =1/z on (0, 0).

(z) =

d. The function f(z) =logx on (0, 00).

Now let X > 0 be a positive random variable. Write out the conclusion of Jensen’s inequality

for each of the functions above.

13. Define the function f(z) = zlogx for x € (0, 0)

a. Sketch the function f(x) and show that it is convex.
b. Find the minimum and argmin of f(z).

b. Let X > 0 be a random variable. What can you say about the relationship between
E(Xlog X) and EX logEX?

14. Let fi1,..., fr : RP — R be convex functions.

a. Show that for each number ¢ the set L; = {x : Z?Zl fj(x) <t} is convex. Hint: Use
results from the previous homework.
b. Show that for each ¢ the sets {# € RP : 3-0_) 7 <t} and {8 € R? : X0_, 8] < t}

are convex.

15. Show that the Lagrange dual function, defined by

L(A) = min L(w,b,\)

w,b

is concave. Hint: Argue that the dual function is the minimum of linear (hence concave)

functions, and is therefore concave. The SVM dual problem is given by the program

maxL(A) st. > Ayi=0 and Ay,..., A, >0
=1

Carefully define the constraint set for A in this problem and argue that this set is convex.
(Note that there are n+1 constraints.) Thus the dual problem seeks to maximize a concave

function over a convex set.

17



16. Show that the following functions f,g,h : [0,1] — R used to define impurity measures

for growing trees are concave.

a. m(p) = min(p,1 — p)
b. g(p) = p(1-p)

c. h(p) = —plogp — (1 — p)log(1l — p), with the convention that 0log0 = 0

Which of these functions is strictly concave?

18



F. Statistics

1. Let X, X’ be independent random variables with the same distribution. Show that

Var(X) = $E(X — X')?

2. In this problem we find an upper bound on the variance of a random variable with values
in a finite interval. Let X be a random variable taking values in the finite interval [0, c].
You may assume that X is discrete, though this is not necessary for this problem.

a. Show that EX < ¢ and EX? < ¢cEX.

b. Recall that Var(X) = EX? — (EX)2. Use the inequalities above to show that

Var(X) < Au(l —u)] where u = % € [0,1].

c. Use this inequality and simple calculus to show that Var(X) < ¢2/4 if X € [0, ¢].

d. Use this result to show that if X is a random variable taking values in an interval [a, b]

with —0o < a < b < 0o then Var(X) < (b — a)?/4

e. It turns out that the general bound cannot be improved. To see this, show that the
variance of the random variable X € [a,b] with P(X = a) = P(X =b) = 1/2 is equal

to the bound you found above.

3. The empirical cumulative distribution function (CDF) of a sample x = z1,..., 2y, is

defined by
m
Fo(t) = m™) T(x; <t)
i=1
The sum in the definition counts the number of data points that are less than or equal to ¢,

so F,(t) is the fraction of data points that are less then or equal to t. Suppose that x has
four points: -3, -1, -1, and 5.

a. Find the following values of the empirical CDF by using the formula above: F,(—4),
F.(0), F.(—1), F.(6)

b. Sketch the empirical CDF for this data set as a function of ¢.

c. For what values of ¢ is F,(t) = 07

d. For what values of t is F,(t) = 17
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4. Let r(x,y) be the sample correlation of a bivariate data set (z,y) = (z1,y1), .-, (Tn, Yn)-

a. Let ax + b denote the data set ax; +b,...,azx, + b and define cy + d similarly. Show
that r(ax + b,cy + d) = r(z,y) if a,c > 0.

b. Use the Cauchy-Schwarz inequality to show that r(z,y) is always between —1 and +1.

5. Show that if f(z) is bounded and X ~ Poiss(\) then E[Af(X + 1)] = E[X f(X)]. Here
Poiss()\) denotes the usual Poisson distribution with pmf p(k) = e *\¥/k! for k > 0.

6. Let X be a standard normal random variable and let Y = X?2.

a. Use the cdf method to find the density of Y.
b. Show that one of the events {Y < 1} and {X < 1} is contained in the other.
¢. Show that X,Y are not independent.

d. What is Cov(X,Y)?
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G. Normal and Multinormal Distributions

1. Let X have a N'(u,0?) distribution. Show that EX = p.

2. Chi-squared distribution. A random variable X has a chi-squared distribution with & > 1
degrees of freedom, written X ~ Xi, if X has the same distribution as Z7 + - - + Z,f where
Z1, ..., Zy are iid ~ N(0,1).

a. Find EX and Var(X) when X ~ 7. You may use the fact that EZ* = 3if Z ~ N(0,1).

b. If X ~ Xi and Y ~ XZQ are independent, what is the distribution of X 4+ Y7

3. Let T'(x) be the standard Gamma function, defined for 2 > 0. Show that if Z ~ N(0,1)

then for each p > 1
E|Z]P = —2p/2I‘ +
= 1 2

Deduce from this fact and Stirling’s approximation that ||Z||, := (E|Z[?)'/? = O(p'/?).
4. Show that if Y ~ N (0,0?) and ¢ > 0 then E{|Y|I(]Y]| > ¢)} < o exp{—c?/20?%}

5. Let Uy, Us be uncorrelated random variables with mean zero and variance one. Define

U= (Uy,Us). Let X = (X1, X3)! be a random vector with components
X1 = aU1+bUy and X9 = cU; +dUsy

a. Find E[U].
b. What is Var(U)?
c. Find EX.

d. Find the matrix Var(X) by directly calculating each entry using the definitions of X;
and Xo.

e. Find A such that X = AU.
f. Find Var(X) using the formula for Var(AU).

g. In terms of a,b,c and d, when is A invertible?

6. Let X € R* be a random vector and A € R"™**. Use the definition of expected value,

variance, and linear algebra to establish the following.
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a. E(AX) = AEX

b. Var(X) is symmetric and non-negative definite
c. Var(X);; = Cov(X;, Xj)

d. Var(AX) = A Var(X)A?

7. Let X ~ Np(11,X) and let Y = AX + b where A € R>** and b € R,

a. Find EY and Var(Y).
b. Argue carefully that Y is multinormal and find its distribution.

c. Fix v € R, Find the distribution of U = (v,Y).

8. Let X ~ Ny(p,X) and let Y = X227 4 11 where Z ~ Ny(0,1).

(a) Show that EY = EX and that Var(Y) = Var(X).

(b) Fix v € R%. Find the distributions of the random variable v*X.

9. Show that if X ~ ANy(p,¥) and U = XTAX then EU = tr(AX) + pf Ap. (It may be
helpful to use the fact that tr(UV) = tr(VU).)
10. (Bivariate normal distribution). Let X = (X1, X2)! ~ Ny with

EX) = u1, EXo = p, Var(X;) = of, Var(Xs) = 05, Corr(Xy, Xs) =p € [~1,1]

a. Find p = EX and ¥ = Var(X) in terms of the quantities above.
b. Find the determinant of ¥ and conclude that ¥ is invertible if and only if p € (—1,1).
c. Find ¥~ when p € (—1,1).

d. Write down the density f(z) of X in the case p € (—1,1).

11. Let U and V be independent A/ (0,1) random variables. Define Y =V and let

U ituv >0
-U iUV <0

X =

a. Let A C [0,00) be a Borel set. Show that P(X € A) = P(U € A). Hint: Begin with
the decomposition P(X € A) =P(X € A,UV >0)+P(X € A, UV <0).
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b. Carry out a similar analysis for sets A C (—o0,0). Use this and the previous step to

show that X has a AV(0,1) distribution.

c. Show that XY = |UV]| > 0 and that Corr(X,Y) = 2/m < 1. Conclude from these

facts that X and Y are not jointly normal.

d. Show that X? and Y? are independent.

12. Let A be a k x p random matrix with independent entries A;; ~ N(0, 1), and let z € R?

be a fixed vector.

a. Show that the random variables U; := (Ax); are independent with mean zero and

variance ||z||2. Conclude that E||Az|> = k||z||?.

b. Let Z = (Z1,...,Zy)! be a random vector with Z; = U;/||x||. Show that Z ~ N3 (0, 1),

where I is the k£ X k identity matrix.
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H. Concentration Type Inequalities

1. State and prove Markov’s probability inequality and Chebyshev’s probability inequality.

2. Let X > 0 be a random variable with EX = 10 and EX?2 = 120.

a. Find an upper bound on P(X > 14) using Markov’s inequality.

b. Let 0 < ¢ < 10. Find an upper bound on P(X > ¢) using Markov’s inequality. Note
that the bound is greater than one, and therefore uninformative. Argue informally
that this is not a shortcoming of Markov’s inequality, that is, P(X > ¢) may be equal

to one.
c. Find an upper bound on P(X > 14) involving EX?2.

d. Find an upper bound on P(X > 14) using Chebyshev’s inequality. How does this

bound compare to those above?

3. Let X be a random variable with Var(X) = 3. Use Chebyshev’s inequality to find upper
bounds on P(|X —EX| > 1) and P(|X — EX| > 2). Comment on the potential usefulness

of these bounds.

4. Recall that the moment generating function of a random variable X is defined by
Mx(s) = EesX for all s such that the expectation is finite. Find the moment generat-

ing function (MGF) of the following distributions.

a. Poisson(\)

b. N(0,1)

5. (The weak law of large numbers). Let Uy, Us,...,U be iid random variables with finite

variance, and let X = n~! >, Ui be the average of Uy, ..., U,.

a. Find EX in terms of EU.
b. Find Var(X) in terms of Var(U).

c. Use these calculations and Chebyshev’s inequality to establish that

1< Var(U)
Pl |- Uy —EU|>t| < —5—

, nt2
=1
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d. What can you conclude from the inequality above when t is fixed and n tends to

infinity?

6. Let X and Y be independent random variables with moment generating functions Mx (s)
and My (s), respectively. Show that S = X + Y has moment generating function Mg(s) =
Mx (s) My (s).

7. (Hoeffding’s MGF Bound) Let X be a discrete random variable with probability mass
function p(-). Assume that @ < X < b and that EX = 0. Let Mx(s) = Ee*~ be the

moment generating function of X and define ¢(s) := log Mx(s).

a. Show that . ) ox
E[Xes*] E[X“e**] 9
90/(3) = TResX and @”(5) = T ResX (SD/(S))
b. Verify that ¢(0) = ¢'(0) =0
Now fix t > 0 and let U be a new random variable having the “exponentially tilted”

probability mass function
tx

p(x)e
w7) = "gerx
c. Verify that ¢(-) is a probability mass function, that is, g(z) > 0 and >, ¢(x) = 1.

d. Argue that a < U < b. This follows from the fact that U has the same possible values

as X, only with different probabilities.
e. Show that E(U) = ¢'(t) and that Var(U) = ¢"(¢).

f. Using the variance bound for bounded random variables, conclude from (c) and (d)

that " (t) < (b— a)?/4.

g. Use the second order Taylor series expansion of ¢ around s = (0 and what you’ve shown

above to establish that o(s) < s%(b — a)?/8 for s > 0.

h. Exponentiating the inequality in (g) gives Hoeffding’s MGF bound.

8. Let Xy,..., X, be iid Uniform(—6,#) random variables.

a. Use Chebyshev’s inequality to find a bound on P(} " | X; > t) for t >0 .

b. Use Hoeffding’s inequality to find a bound on P(}";" | X; > ¢) for t >0 .
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9. Let X be a non-negative random variable such that EX? is finite. Show that for each
0 < A <1 we have the inequality

2 (EX)?

B(X > AEX) > (1-A)? 55

Hint: Use the Cauchy-Schwartz inequality and the identity X = X I(X > ¢) + X [(X < ¢).

10. Let Xy,...,X,, be independent Bernoulli random variables with EX; = p;. Let § =
X1+ + X, and let p =ES =>"" p;. Use Chernoff’s bound and a MGF computation
to show that for all ¢ > p

P(S > t) < exp{t — pu — tlog(t/p)}

How does this bound compare to Hoeffding’s inequality?

11. Let X ~ x? have a chi-squared distribution with k degrees of freedom.

(a) Show that if Z is standard normal and s < 2 then Eexp{sZ?} = (1 — 2s)~1/2.
(b) Show that the MGF of X is equal to px(s) = (1 — 2s)~F/2,

(c) Use the Chernoff bound to establish that for 0 <e <1,

P(X < (1—o)k) < exp {_]Z(g B 63)}

12. Independent Copies. Let X, X' be independent random variables with the same distri-

bution. In this case we say that X’ is an independent copy of X.

(a) Show that Var(X) = iE(X — X’)?
(b) Argue formally or informally that E(X'| X) = EX

(c) Using the result of part (b) and Jensen’s inequality for conditional expectations, show
that E|X —EX| < E|X — X’|. This is a key step in establishing a number of important

bounds in empirical process theory.

13. Let Xi,..., X, € X be i.i.d. and let G be a family of function g : X — [—¢, ¢|. Define

F) = sup |t 3 glai) ~ Eg(X)
9€ i=1

Find the difference coefficients ci,...,c, of f, and use these to establish concentration

bounds for the random variable f(X7').
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14. Let Xi,...,X, € R? be independent random vectors such that EX; = 0 and || X;|| <

¢i/2 with probability one, where |[u|| = (ufu)'/? is the ordinary Euclidean norm. Let
o= (L)Y, .
(a) Show that E||>"7" | X;|| < /e

(b) Use the bounded difference inequality and the inequality in part (a) to show that for
all t > /o
n 2
t— o
P (||lei|| > t) < ep{- Y0
1=

15. Let X be a random variable satisfying the concentration type inequality P(|X| > t) <
ae bt for all t > 0, where a > 1 and b > 0. Show that

[1+1
E’X’ < %_

Hint: Note that for s > 0 we have EX2 < s + fsoo P(X? > t)dt. Use Cauchy-Schwartz.

16. Let Xi,..., X, beiid ~ Bern(p). Note that |X; — p| < max(p,1 — p).

(a) Use Bernstein’s inequality to get an upper bound on P(n=! 3" | X; —p > ¢) for ¢t > 0.

(b) Argue that one can restrict attention to ¢t € [0,1 — p|]. Using this fact and the bound
in part (a) show that if p > 1/2 then for all ¢ > 0

1 & —3nt?
Pl — X;—p>t §exp{}
(n; ! ) 817(1_17)

(¢) Compare the bound in part (b) to a naive inequality based on the central limit theorem

and tail bounds for the standard normal distribution.

17. Let X1,..., X, be random variables with moment generating functions Mx,(s) < M (s)

for each s > 0.

(a) Using the argument in class for Gaussian random variables, show that

1 log M
Emax(X1q,...,X,) < inf ogn + o8 (S)
5:8>0 S
Suppose now that Uy, ..., U, are Gamma(a, ) random variables.

(b) Show that the moment generating function of U; is M (s) = (1 — s 5)~“.
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(c¢) Using the bound from part (a) and an appropriate choice of s, which can be found by

inspection, show that

26 logn

]EmaX(Ul, .. ,Un) S m

18. Let Uy,..., Uy be independent Uniform(0,#) random variables. Find E [maxi<j<, Uj].
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I. Classification

1. Let (X,Y) be a jointly distributed pair with X € X and Y € {0,1}. Suppose that X is
finite and that (X,Y") has joint probability mass function p(z,y).

a. Express the prior probabilities mp = P(Y = 0) and m; = P(Y = 1) in terms of p(z,y).

b. Express the class conditional probability mass function po(z) = P(X = x|Y = 0) in
terms of p(z,y) and the prior probabilities.

c. Show that the marginal pmf of X can be written as p(x) = mo po(z) + 71 p1(x) where
pi(z) =P(X =z|Y =1).

e. Use Bayes rule to show that n(z) :== P(Y = 1| X = z) = mip1(x)/p(x)

2. Consider a classification problem in which the predictor X is uniformly distributed on
the unit interval [0, 1] and the response Y € {0, 1} as usual. For z € [0, 1] let n(z) = P(Y =
1| X = x). Specify the Bayes rule ¢* and the Bayes risk R* in each of the following cases.

a. n(x) =1/3 for all =
b. n(x) ==z
c. n(xz) € {0,1} for all ©

In each of the cases above, find the prior probability 71 = P(Y = 1), or indicate why this is

not possible without more information.

3. Let (X,Y) € R2x {0, 1} be a random predictor-response pair. Suppose that the predictor
X is a pair (X1, Xo) where X, X5 € [0,1] are independent, X is uniform on [0, 1], and Xo
has density g(z2) = 323 for 0 < x5 < 1. Suppose that n(z1,22) = (21 + 22)/2.

a. Find the Bayes rule ¢* for this problem and identify its decision boundary.

b. Find the unconditional density of X

c. Find the Bayes risk associated with (X,Y)

d. Find the prior probability that Y = +1.

e. Find the class-conditional density of X given Y = 1.

4. Suppose that you are given access to a database consisting of many email messages that

have been labeled as spam or normal. You decide to construct a simple classification rule,
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the only feature being whether or not the word “meeting” appears somewhere in the email.

Using relative frequencies to estimate probabilities you find the following:
P(spam) = .3 P(‘meeting’ present |spam) = .01 P(‘meeting’ present | normal) = .04

Using this information, calculate a simple classification rule for spam detection. What can

you say about the error rate of your rule on the database?

5. Argue as carefully as you can that if the Bayes risk R* for a pair (X,Y") is equal to 1/2
then Y is independent of X.

6. Consider the labeled data set (—2,1),(—1,1),(0,0),(1,1),(2,0) € R x {0,1}.

a. Sketch the 1-nearest neighbor rule for this dataset by drawing a line and indicating

which points are assigned to zero and which are assigned to one.

b. Sketch the 3-nearest neighbor rule for this dataset by drawing a line and indicating

which points are assigned to zero and which are assigned to one.

7. Let (X,Y) € R x {0,1} be a random predictor-response pair. Suppose that Y has prior
probabilities m = P(Y = 1) and mp = P(Y = 0), and that X is continuous with marginal
density f and class conditional densities fy and fi. Let n(xz) =P(Y = 1| X = z) as usual.

a. Show that the Bayes rule ¢* can be written in the form

1 if log 12(;(1:) >0

¢ (x) =

0 otherwise

b. Find a simple expression for the Bayes rule ¢*(z) in terms of 7 f1(x) and 7 fo(x).

Suppose that f is N'(u1,02) and that fo is N (o, 0?) where pg > puo.

c. Using the results above, find an expression for the Bayes rule ¢*(z) in terms of the

parameters 7o, 71, o, pi1, and 2.

d. What is the form of the rule in part (b) when m; = 1/2? Explain why this makes

intuitive sense.

e. Suppose for simplicity that p; = w and pg = —u for some u > 0. What form does the
Bayes rule take when u increases (tends to infinity), and in particular, how does the

rule depend on 7 versus m? A informal but clear answer is fine.
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8. Consider the setting of linear discriminant analysis in which the class-conditional densi-

ties fo and fi have the multivariate normal form fr = N (g, Xk).

a. Using the expression for the multivariate normal density, show that the discriminant

functions o (z) = log(mx fx(z)) have the form
1, _ 1 _ _
ok(x) = —§xt2k Yo+ (2, 5 ) — 5 [log(27r)d7rk 2det(Zy) + uh,2; lﬂk]

b. Show that when ¥y = X; = X the decision boundary B = {z : §;(x) = do(z)} has the

form

B = {z:2"S7 (g — po) + (co — 1) = 0}

where ¢y, c1 are real valued constants, and argue that this set is a hyperplane.

9. Let (X,Y) be a jointly distributed pair with X € R? and Y € {0,1}. Suppose that
we have added a zeroth component to the vector X that is always equal to 1, so that the
augmented vector X € R The logistic regression method for binary classification is
based on the assumption that

— 1o 10— (g )

for some vector 3 € R of coefficients. In words, equation (2) says that the conditional

log-odds ratio of Y =1 vs. Y = 0 is linear in the feature vector z.

a. Show, by inverting the relation (2), that

elBm) 1

n(x) = 77(:6' : 5) - 14+ e(ﬁ,x) - 1+ €_<57$>

Here we write n(x : 8) to remind ourselves that 7 depends on S.

b. Equation (2) is sometimes written in the form logit(n(x)) = (8, x), where logit(u) =
log[u/(1 — u)] for 0 < u < 1 is the logistic (or logit) function. Sketch the logistic

function.

Given a data set D, = (21,%1), ..., (Zn,yn) € R¥1 x {0, 1} logistic regression estimates the

coefficient vector § in (2) by maximizing the conditional log likelihood function
0B) = log[[Pe(Y =yi| X = x,)
i=1
where Pg(Y =1|X =2)=n(z: ) and Pg(Y =0| X =2) =1 —n(x: f).
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c. Use the expression for n(z : ) in (a) to show that the conditional log likelihood
function can be written in the form
UB) = 3[4, @) — log(1 + )

=1

d. Show that V{(3) = > ;i [yi — n(x; : §)]. Hint: Evaluate the partial derivative
0L(B)/0p; for a fixed index j between 1 and d.

10. Let Dy, = (z1,91),- -+, (Tn,yn) € X x {0,1} be a data set for classification and let
v ={A1,..., Ak} be a partition of X. Define the histogram classification rule qﬁy based on
~. Show that qASA, minimizes the training error R,,(¢) over all classification rules ¢ that are

constant on the cells of v, meaning ¢(u) = ¢(v) if u,v are in the same cell of ~.

11. Recall that the Bayes Rule ¢* for a jointly distributed pair (X,Y’) with response Y €
{0,1} is defined by

¢*(z) = argmax P(Y = k| X = )
k=0,1

a. How would you modify this definition in the case where the response takes values in
the finite set {0, 1,..., K}, that is, each feature vector z is associated with one of K

possible outcomes?

b. Show that in the binary case Y € {0, 1} the Bayes Rule has the form

1 if n(z) > 1/2
#(a) = n(x) =1/

0 otherwise

12. Let D, = (X1,Y1),...,(Xn,Y,) € X x {0,1} be iid observations for a classification
problem. Recall that the empirical risk of a fixed classification rule ¢ : X — {0,1} is
defined by
. 1 —
Ra() = — Y 1(6(X) #Y;
(©) = 5 D H6(%) #7)
and that the risk of ¢ is R(¢) = P(¢(X) #Y).

A~

a. Show that E[R,(¢)] = R(¢)
b. Show that Var(R,(¢)) = n~" R(¢)(1 — R(¢)) < 1/(4n)

c. Argue carefully that nR,(¢) has a Bin(n, R(¢)) distribution
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d. Use Chebyshev’s inequality to show that for ¢ > 0

P(|Rn(¢) — R(¢)| > 1) < R(qj)(}lt_zR(@) = 411752

e. Use Hoeffding’s inequality to show that for t > 0

P(|R,(¢) — R()| > t) < 2exp{—2nt’}

13. Consider a classification problem in which you have access to a test set containing
m = 120 iid observations (X;,Y;) € & x {0,1}. You would like to use the test set to
assess the risk of a given rule ¢ using the empirical risk R, (¢). Chebyshev’s inequality and
Hoeffding’s inequality provide bounds on P(|R,,(¢) — R(¢)| > t) for t > 0. Compute and
compare these probability bounds, with m = 120, at the following values of ¢: 1/20, 1/11,
1/9, and 1/5.

14. Consider a classification problem in which you would like to assess the risk of a given
rule ¢ using its empirical risk Rm(¢>) on a test data set D,,. In particular, you wish to

determine the size n of the test set necessary to conclude that

P([Rn(¢) — R(¢)| = 0) <€

Use Chebyshev’s and Hoeffding’s inequalities to find suitable values for n as a function of
0 and €. How do the resulting quantities depend on § and €? Generally speaking, which

inequality permits you to use a smaller test set?

15. Let D, and D,, be independent training and test sets, respectively. Suppose that the
rule ¢, (x) = ¢p(x : Dy) is derived from the training set.

a. Define the test set error Ry, (¢n).

b. Show that E[R,,(¢n)| Dn] = R(dn)

c. What is ER,,(¢,)? Compare this to your answer above.

16. Let Dy, = (z1,91),- .-, (Tn,yn) € X x {0,1} be a data set for classification. For each
region A C X let |A| denote the number of points z; in A and let p(A4) = |A|~! > zcaYi be
the fraction of points x; € A labeled 1. Suppose that the region A can be expressed as the

disjoint union A = A; U As of two other regions.
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a. Using the definition, show that

A | As|
p(A) = ﬁp(Al)Jrﬁp(Az)

b. Show that |[A| = |A;1]| + |A2|. Conclude from this and part (a) that for any concave
function f:[0,1] - R

| Ay | Ay |
f(p(A))—ﬁ <p<A1>>—ﬁ (p(A2)) > 0

This establishes that the impurity differences defined in the lecture for the misclassi-
fication, Gini, and entropy impurity measures are non-negative.

c. Let m(p) = min(p, 1 — p). Show that |A|m(p(A)) is the number of misclassifications if
every point in A is assigned to the majority class.

d. Consider two partitions 71 and v of X that are identical except that a cell A of v is
split into two cells A; and As in 5. What can you say about the training error of the

corresponding histogram classification rules (based on majority voting in cells)?

17. Let Dy, = (x1,91),- .-, (Tn,yn) € RP x {£1} be sequence of labeled pairs. Show that
the constraint set

C:={w,b:y(xtw—b)>1fori=1,...,n}
appearing in the primal SVM optimization problem is convex. To make things a bit more
formal, treat the elements of C as vectors v = (wy, ..., wp,b)! € RPTL Hint: Show that C

is the intersection of n sets, one for each ¢, and then show that each of these sets is convex.

18. Write down the primal problem, with optimal value px, and argue using the previous
question and results from a previous homework that the primal problem is a convex program.

Now consider the Lagrangian L : R x R x R, which is defined by

1 n
L(w,b,A) = Sllwl* = > A {ys(w'si —b) — 1}
i=1

Establish that
[[w]? if y;(zlw —b) > 1fori=1,...,n
max L(w,b,\) =
A>0 .
400  otherwise
To see why this is true, note that if one of the constraints y;(ztw — b) > 1 is not satisfied,
then one can increase the corresponding A; to make the Lagrangian arbitrarily large. Using

the last display above, argue informally that the primal problem can be written as

* = mi ax L(w,b, \
P min max (w, b, \)
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J. Regression

1. Let (z,y) € RP x R be a fixed predictor-response pair, and define a function f: RP — R
by f(8) = (y —a'8)>

a. Show that f is convex.

b. Now let D,, = (z1,91),.-., (n,yn) be n predictor-response pairs. What can you say

about the convexity of the sum of squares g(8) = >, (y; — 213)??

c. Fix A > 0 and define the penalized performance criterion

n

ha(B) = Y (i —xiB)* + XD _1Bi]*

i=1 j=1
Argue that h, is convex if & > 1. Hint: Recall that a sum of convex functions is

convex.

2. Consider a data set with design matrix X € R™*P and response vector y € R™. Fix A > 0
and define the penalized loss Ry, 1 (8) = ||y — XB|[2 + A||B]|>. Following the calculus based
arguments for OLS, show that R, x(3) has unique minimizer By = (XIX + A,)~EXy.

3. Let (X,Y) € RP x R be a jointly distributed pair following the signal plus noise model
Y = f(X) + ¢ where ¢ is independent of X, Ec = 0, and Var(¢) = o2.

a. Find simple expressions for EY and Var(Y).

b. Argue that E(Y|X) = f(X). Thus f is the regression function of ¥ based on X.

c. Show that ¢ = f minimizes the risk R(p) = E(p(X) — Y)? over prediction rules
¢ : RP — R. What is the minimum value of R(p)?

4. Let (X1,Y1),...,(Xpn,Yn) € X X R be iid observations from the signal plus noise model
Y = f(X) + & where ¢ ~ N(0,02).

a. Define the empirical risk R, (¢) of a rule ¢ : R” — R.

b. Assuming that Var(¢(X)) < oo, find the expectation and variance of R, (). You may

use the fact that Ee® = 0 and Ee* = 30* under our normality assumption.
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¢. What does Chebyshev’s inequality tell you in this setting? What sort of assumptions

could you make to control the size of the upper bound?

d. Can you apply Hoeffding’s inequality in this case? If so, what is the bound?

5. Let x1,...,x%, € RPT! be fixed vectors with initial component equal to one 1. Suppose
that we observe responses ¥1,...,Y, € R generated from the linear model y; = B'x; + ¢;,
where 3 € RPT! is an unknown coefficient vector and ¢1, ..., &, are iid ~ N (0, 0?).

a. Argue that y1,...,%y, are independent and that y; ~ N'(x!3,0?).

b. Find the joint likelihood L(3) of y1,. .., yn.

c. Find the log likelihood ¢(8) of y1,...,y, and show that maximizing ¢(3) over f is

equivalent to minimizing the empirical risk R, (8) = n~? S (yi — xtEB)? over B.

d. Define the response vector y and design matrix X associated with the data above,

giving the dimensions of each. Show carefully that R, (8) = n~!|jy — X 8]|%

6. Let y and X be the response vector and design matrix, respectively, associated with
observations (x;,y;) of the previous problem. Recall from class that the OLS coefficient
b= (XX)"'Xly

a. Show that y = X + ¢ with € ~ N, (0,02I). Conclude that y ~ N, (X8, 021).

b. Show that § = 8 + (X!X)~1X"e.

c. Find Ef and Var(3).

o,

. Argue that 8 ~ N1 1(8,02(X*X)™1), and conclude that 3; ~ N'(3;, UQ(XtX)j_jl).

e. Use the distribution of Bj to find a 95% confidence interval for f;.

7. Let y and X be the response vector and design matrix, respectively, associated with

observations (x1,91), ..., (Xn,yn) € RP X R.

a. Show that X'X + A, is symmetric and positive definite if A > 0. Conclude that
X!X + A, is invertible if A > 0.

b. Find a simple relationship between the eigenvalues of X‘X + AI,, and those of X'X.

8. Let By be the minimizer of R, »(8) = |ly — XB8||> + A||8][>.
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a. Show that f is the usual OLS estimator (when the rank of X is equal to p).

b. Show that ||y — XB,||> < |ly — XB||? for every 3 such that ||3|| < ||3A||. Hint:
Assume the stated inequality fails to hold and show that this implies that BA is not

the minimizer of Rn)\ (8).
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