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Abstract

Estimation of a non-linear map F governing the evolution of an observed
dynamical system is considered for two specific models. In the first model,
F is successively applied to a fixed initial vector in the absence of noise, so
that the the observed states of the system constitute a trajectory of F . In the
second, dynamical noise model, the system is perturbed by independent noise
between each application of F . Estimates of F are proposed for each model,
and are shown to be consistent under general conditions, in particular, when the
measured states of the system are bounded and their common (or asymptotic)
distribution is comparable to a known reference measure. No assumptions are
made regarding mixing rates, or the regularity of the function F .

Appears in the collection Nonlinear Dynamics and Statistics, A.I. Mees
editor, Birkhauser, Boston, 2001.

1 Introduction

The advent of modern computing and the recent interest in chaos have focussed
increasing attention on deterministic systems that exhibit random behavior. While
there is no universally accepted definition of chaos, phenomena termed ‘chaotic’ have
generally been studied in the context of dynamical systems. A dynamical system
is a mathematical model of a physical system. Its state is commonly described by
a family of differential equations. The solution of the equations describes the time
evolution of the dynamical system starting from any initial condition.

In many situations, the data arising from measurements of a physical system are
obtained at discrete, equally spaced instants of time. In some cases direct measure-
ment of the state of the system is possible. More commonly, one makes periodic
measurements of some scalar function φ of the state of the system. It is known from
Takens’s Embedding Theorem [44, 2, 42] that, for generic functions φ and suitable
integers d, one may study the dynamics of the system by means of time delay vec-
tors that consist of d successive scalar measurements. Thus, when it is in a steady
state and no noise is present, observations of the physical system can be modelled by
iteration of a fixed, nonlinear map F : IRd → IRd.

The statistical analysis of measurements from dynamical systems is complicated
by the fact that such measurements can exhibit very long range dependence. Even
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when a system is perturbed by independent noise, its measurements may fail to
satisfy standard mixing assumptions, and existing statistical estimation theory may
not apply to the analysis of these measurements. Nevertheless, it is often reasonable
to assume that measurements of a dynamical system are stationary and ergodic, or
when this assumption fails, that the system converges asymptotically to an ergodic
steady state.

1.1 Overview

The subject of this paper is estimation of a non-linear map F whose iteration governs
the behavior of an observed dynamical system. Two dynamical models are considered.
In the first, F is successively applied to a fixed initial vector in the absence of noise,
so that the the measured states of the system constitute a trajectory of F . In the
second, often referred to as a dynamical noise model, the system is perturbed by
independent noise between each application of F . Histogram estimates of F are
proposed and analyzed for each model. The estimates are shown to be consistent
under very general conditions, in particular, when the measurements are bounded
and their common (or asymptotic) distribution is comparable to a known reference
measure. No assumptions are made regarding mixing rates, or the regularity of the
function F , which need not be continuous. The primary goal of the paper is to
rigorously establish the existence of consistent estimates for F under very general
conditons. Although in specific cases the proposed estimates can be implemented on
a computer, no attempt has been made to assess their empirical performance.

The problem of estimating an iterated map governing a dynamical system has
previously been considered by a number of authors, working in several fields, and
the bibliography here makes no claim to completeness. Most often F is estimated
with the ultimate goal of prediction, estimating Lyapunov exponents, or estimating
the dimension of an attractor. Representative work and additional references can be
found in the papers of Farmer and Sidorowich [14], Casdagli [7, 8], Kostelich and
Yorke [24], Nychka et al. [36], Lu and Smith [27], and the book of Tong [45]. See
also the surveys by Eckmann and Ruelle [13], Jensen [23], and Isham [22]. In most
of this work iterates of the map are perturbed by observational or dynamical noise.
Bosq and Guégan [6] study kernel estimates of uniformly mixing transformations in
the absence of noise. Lalley [26] describes a general means of reconstructing the orbit
of a smooth diffeomorphism F , acting on a hyperbolic attractor, when the iterates of
F are corrupted by observation noise.

In the references above it is commonly assumed that the map under study is
continuous or differentiable. Hofbauer and Keller [21], Mayer [29], and Denker and
Keller [12] established central limit theorems for U-statistics and smooth function-
als of noiseless dynamical systems that are generated by piecewise-monotone maps.
More irregular transformations are of interest to ergodic theorists and may arise,
for example, when one considers the Poincaré return map of a smooth flow to a
low-dimensional set A ⊆ IRd.

1.2 Outline

The two noise models studied in the paper are defined in the next section. A regression
estimation scheme for ergodic processes {(Xi, Yi)} proposed by Nobel and Adams [33]
is described in Section 3. Theorem A shows that the proposed scheme is consistent
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when the squared error loss of the regression function can be estimated, and the
distribution of the covariates Xi is comparable to a known reference measure. It
is shown in Theorem 1 that the latter assumption can be weakened when suitable
density estimates are available.

In Section 4 the regression estimates of Theorem A are applied to the problem of
estimating a µ-preserving ergodic map F : IRd → IRd from one of its trajectories. It is
shown in Proposition 1 that consistent estimation of F is possible if µ is comparable
to a known reference measure with compact support.

The regression estimates of Theorems A and 1 are applied in Section 5 to the
problem of estimating the map F governing a dynamical noise process. Density
estimates of Györfi and Masry [17] are briefly discussed, and it is shown in Theorem
2 that one may estimate F provided only that the observations are stationary, ergodic,
and bounded, and that the distribution of the noise has a density.

2 Two Models for Dynamical Data

Let F : IRd → IRd be a fixed nonlinear map governing the one-step evolution of a
dynamical system under study. Let B denote the Borel subsets of IRd. Here and in
what follows it is assumed that F is measurable, so that F−1A ∈ B for every A ∈ B.

Model I: No Noise. In the simplest model of a dynamical system, the evolution
of the system is determined by successive application of F , in the absence of ob-
servational or dynamical noise. Starting from an initial vector x ∈ IRd successive
observations of the system are described by a the trajectory

x, Fx, F 2x, . . . ∈ IRd (1)

Here F i denotes the i-fold composition of F with itself. In this case the system evolves
in a purely deterministic fashion. From (complete) knowledge of F and any single
observation one can, in principle, reconstruct every subsequent measurement. In
analyzing the model (1) it is typically assumed that the map F is measure preserving
and ergodic.

Definition: A Borel-measurable map F : IRd → IRd is said to preserve a probability
measure µ on (IRd,B) if

µ(F−1A) = µ(A) for every A ∈ B , (2)

and is said to be ergodic if

F−1A = A implies µ(A) = 0 or 1,

or, equivalently, if

1

n

n
∑

i=1

µ(A ∩ F−iB) → µ(A)µ(B) for every A, B ∈ B. (3)

The books of Petersen [37] and Walters [] give comprehensive introductions to
ergodic theory.
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Model II: Dynamical Noise. When the evolution of a system is mediated by
independent noise, its state may be represented by a simple non-linear autoregression.
The resulting dynamical noise model has broad application in the analysis of chaotic
data.

Definition: A system is said to obey a dynamical noise model if its state evolves
according to the recursion

Xi+1 = F (Xi) + Zi+1 i ≥ 0 (4)

where X0 ∈ IRd is the (random) initial state of the system, F : IRd → IRd is a fixed
map, and Z1, Z2, . . . ∈ IRd are i.i.d., independent of X0, and such that EZi = 0.
Thus F represents the deterministic component of the dynamics, and Zi represents
a random perturbation, or noise, that influences subsequent measurements through
the action of F .

Definition: A stationary process W1, W2, . . . ∈ IRk is said to be ergodic if for every
l ≥ 1 and every pair of Borel sets A, B ⊆ IRld,

1

n

n
∑

i=1

IP{W l
1 ∈ A, W i+l

i+1 ∈ B} → IP{W l
1 ∈ A}IP{W l

1 ∈ B} (5)

as n tends to infinity, where W j
i = (Wi, . . . , Wj) for i ≤ j.

For example, if F : IRd → IRd preserves a measure µ and is ergodic, and if
X0 is a random vector with distribution µ, then (2) and (3) imply that the process
X0, FX0, F

2X0, . . . is stationary and ergodic. By contrast, due to the perturbations
Zi, ergodicity of the dynamical noise process (4) does not require that F preserve a
measure on IRd or that F be ergodic. (To take a trivial example, let F : IR → IR be
identically zero, and let {Zi} be any real valued i.i.d. sequence.)

The dynamical noise process (4) is a discrete time Markov chain. Results such as
those in Nummelin [35], and Meyn and Tweedie [30], provide general conditions under
which such chains are ergodic, or converge to an ergodic steady state. Dynamical
noise models are also a special case of random dynamical systems. Many of the
theoretical properties of such systems, e.g. topological dynamics, the existence of
invariant measures, and Lyapunov exponents, have been studied. See Kifer [25] or
Arnold [3] for more details.

3 Regression Estimation from Ergodic Processes

Let (X, Y ) be a jointly distributed pair with X ∈ IRd and Y ∈ IR. The regression
function of Y on X is the conditional expectation g(x) = E(Y |X = x). The regression
function g minimizes E(Y − g′(X))2 over all functions g′ of X , and is therefore an
optimal predictor of Y given X under the squared error loss. The problem considered
below is how to estimate g from a stationary ergodic sequence {(Xi, Yi) : i ≥ 1} of
random pairs, each distributed as (X, Y ).

A regression scheme is a sequence of functions gn : IRd × (IRd × IR)n → IR
for n ≥ 1. Given observations (X1, Y1), . . . , (Xn, Yn), the corresponding function
ĝn(x) = gn(x; X1, Y1, . . . , Xn, Yn) is taken to be an estimate of g. The scheme {gn}
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is said to be strongly L2-consistent for the process if
∫

(ĝn(x)− g(x))2dµ(x) → 0 with
probability one as n → ∞, where µ is the distribution of X .

The existence of regression estimates weakly consistent for any i.i.d. process was
first established by Stone [43]. Beginning with the papers of Roussas [40, 41] and
Rosenblatt [38], there has been a great deal of work on regression estimation from
stationary, weakly dependent processes satisfying α, β, ρ, and related mixing con-
ditions. The monographs of Györfi, Härdle, Sarda and Vieu [18], Rosenblatt [39],
and Bosq [5] give an overview of kernel and histogram regression estimation from
weakly dependent processes. Masry [28] studies local polynomial regression in the
same setting. There is also a substantial body of work on regression estimation from
stationary processes exhibiting long range dependence. For an overview of these re-
sults and additional references, see Cheng and Robinson [9], Hidalgo [19], and the
book of Beran [4].

Delecroix [10], Györfi et al. [18], and later Delecroix and Rosa [11] established
the consistency of kernel estimates of the k-step autoregression function for two-sided
processes exhibiting a very mild mixing condition. Yakowitz [47, 48] studied auto-
regression from real-valued Markov chains under mild regularity conditions. Yakowitz
et al. [49] and Morvai et al. [34] propose regression estimates that are consistent for
any ergodic process whose marginal regression function is suitably regular.

In spite of these positive results, it has recently been shown by Adams [1], Nobel
[32], and Yakowitz and Heyde [50] that no regression estimation scheme is weakly
consistent for every stationary ergodic process. The upshot of these negative results
is that restrictions must be placed on the family of possible observations in order
to establish the consistency of a density or regression scheme under study. Most
work to date places assumptions on either the dependence (mixing) structure of the
observations, on the regularity of the unknown regression function, or both. For
the models studied here it suffices to place assumptions only on the one-dimensional
distribution of the observations.

3.1 Consistent Regression with Error Estimates

Fix a nested sequence π0, π1, . . . of finite partitions of IRd such that π0 = {IRd}, and
such that for each vector x ∈ IRd,

lim
k→∞

diam(πk[x]) = 0 . (6)

Here πk[x] is the unique cell of πk containing x, and diam(A) = supu,v∈A ||u − v||
denotes the maximum Euclidean distance between any two points in A. The partitions
πl can be obtained by dividing [−l, l)d into cubes of side-length 2−l, and letting the
complement of [−l, l)d comprise a single cell.

Let {(Xi, Yi) : i ≥ 1} be a stationary ergodic sequence of random pairs with
Xi ∈ IRd, Yi ∈ IR, and regression function g(x) = E(Y |X = x). Consider the
measurements

(X1, Y1), . . . , (Xn, Yn) (7)

The proposed regression estimates are histograms, obtained by dividing the covariates
Xi into disjoint cells, and then averaging the corresponding response variables Yi

within each cell.
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Candidate Histograms: For k = 1, 2, . . . define the ordinary histogram based on
the partition πk,

φk,n(x) =

∑n
i=1 YiI{Xi ∈ πk[x]}
∑n

i=1 I{Xi ∈ πk[x]}
, (8)

where, if a cell πk[x] contains no vector Xi then φk,n(x) = 0. Let

∆k,n =

(

1

n

n
∑

i=1

|φk,n(Xi) − Yi|
2

)1/2

(9)

be the empirical loss of φk,n. An estimate ĝn of g is chosen from among the candidates
{φk,n : k ≥ 1} by selecting a suitable partition index kn, based on the available data
(7), and on prior information concerning the process from which the data is obtained.
Recall that the support of a distribution µ on IRd is the smallest closed set Λ ⊆ IRd

such that µ(Λ) = 1.

Definition: Let µ0 be a reference probability measure defined on the Borel subsets
of IRd, and let M ≥ 1 be a constant. Let D(µ0, M) be the family of all probability
measures µ on (IRd,B) such that µ ≡ µ0 and

∫

dµ0

dµ
dµ0 ≤ M2 . (10)

The condition µ ≡ µ0 means that µ(A) = 0 if and only if µ0(A) = 0. This implies that
the densities dµ/dµ0 and dµ0/dµ exist, and that µ and µ0 have the same support.

Example: Let λ denote Lebesgue measure on IRd, let Λ be a compact subset of
IRd with λ(Λ) > 0, and let µ0(A) = λ(A)/λ(Λ) be normalized Lebesgue measure
on Λ. The family D(µ0, M) contains every probability measure µ having a density
f = dµ/dλ such that {x : f(x) > 0} = Λ and

∫

Λ(1/f(x)dx ≤ M2. Alternatively, µ0

might be Hausdorff measure on some low-dimensional subset of IRd, such as a smooth
manifold.

Definition: Let Γn : (IRd× IR)n → IR, n ≥ 1, be a sequence of measurable functions.
In defining ĝn the number

Γ̂n = Γn(X1, Y1, . . . , Xn, Yn) (11)

is used as an estimate of the error E(Y − g(X))2.

Description of Estimates: Suppose that a reference measure µ0, constant M , and
functions Γn have been specified in advance of the data. Let ǫ1, ǫ2, · · · be any sequence
of positive numbers tending monotonically to zero. Define kn to be the largest integer
k ≥ 1 such that
∫

|φl,n − φj,n|dµ0 ≤ 2M(∆2
j,n − Γ̂n)

1/2
+ + 2(1 + M)ǫj for 1 ≤ j ≤ l ≤ k (12)

and define the histogram
ĝn(x) = φkn,n(x) . (13)
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Note that each of the quantities appearing in (12) is either specified in advance of
the data, or may be evaluated once the data is obtained. Thus ĝn is well defined. In
general, the partition index kn will not increase monotonically with the sample size
n, nor need it grow at any prespecified rate. The consistency of {ĝn} is established
in the following theorem, due to Nobel and Adams [33].

Theorem A Let {(Xi, Yi) : i ≥ 1} be any stationary ergodic sequence such that Y
is bounded and X has distribution µ ∈ D(µ0, M). Let g(x) = E(Y |X = x) be the
regression function of Y on X. If Γ̂n → E(Y − g(X))2 with probability one, then

∫

(ĝn(x) − g(x))2dµ(x) → 0

with probability one as n → ∞.

Remark: Theorem A shows that for ergodic sequences {(Xi, Yi)} with suitable one-
dimensional distributions estimating the regression function of Y on X is no more
difficult than estimating its squared error loss.

3.2 Use of Auxiliary Density Estimates

It is assumed in Theorem A that the common distribution µ of the Xi is comparable
to a known reference measure µ0 and, in particular, that µ and µ0 have the same
support. These assumptions can be dropped if L1-consistent estimates of the density
f = dµ/dµ0 are available. A µ0-density estimation scheme is a sequence of non-
negative functions

fn : IRd × IRnd → IR n ≥ 1

such that
∫

fn(x; x1, . . . , xn) dµ0(x) = 1 for every n and every choice of x1, . . . ,

xn ∈ IRd. Using {fn} one may define alternative regression estimates g̃n as follows.
Given (X1, Y1), . . . , (Xn, Yn) let

f̂n(x) = fn(x; X1, . . . , Xn)

act as an estimate of f = dµ/dµ0. Let sn be the greatest integer s ≥ 1 such that

∫

|φl,n − φj,n| · f̂n dµ0 ≤ 2(∆2
j,n − Γ̂n)

1/2
+ + 5ǫj for 1 ≤ j ≤ l ≤ s , (14)

where φl,n, ∆j,n, and Γ̂n are defined by equations (8), (9), and (11), as before. Define
the regression estimate

g̃n(x) = φsn,n(x) . (15)

using the new partition index sn. A routine modification of the proof of Theorem 1
in Nobel and Adams [33] yields the following result.

Theorem 1 Let {(Xi, Yi) : i ≥ 1} be a stationary ergodic sequence such that Yi is
bounded and the distribution µ of Xi has density f with respect to µ0. Let g(x) =
E(Y |X = x) be the regression function of Y on X. If

∫

|f̂n − f |dµ0 → 0 and Γ̂n → E(Y − g(X))2
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with probability one, then

∫

(g̃n(x) − g(x))2dµ(x) → 0

with probability one as n → ∞.

4 Ergodic Systems without Noise

The estimates of Theorem A may be readily applied to the problem of estimat-
ing an ergodic map F : IRd → IRd in the noiseless model (1) where the available
measurements form a trajectory x, Fx, F 2x, . . . of F . Estimation in this setting is
complicated by the fact that the measurements are purely deterministic and will, in
general, fail to satisfy standard mixing assumptions. In particular, the sample aver-
ages n−1

∑n−1
i=0 h(F ix) of a bounded function h : IRd → IR may converge arbitrarily

slowly to the limit
∫

hdµ guaranteed by the ergodic theorem.
If the measurements are grouped into pairs (x, Fx), (Fx, F 2x), (F 2x, F 3x), . . .

then each pair is a point on the graph of F . When F is continuous and d = 1,
connecting neighboring points with straight lines will give pointwise consistent esti-
mates of F on the support of µ. Similar piecewise linear estimates may be used in
higher dimensions. Of interest here is the case when F may be highly irregular so
that some sort of local averaging is necessary to obtain good estimates. The following
consequence of Theorem A appears in Nobel and Adams [33]. Let || · || denote the
Euclidean norm on IRd.

Proposition 1 Let µ0 be a reference measure on IRd with compact support and let
M > 1. There exist functions Fn : IRd × IRnd → IRd, n ≥ 1, such that for every
µ ∈ D(µ0, M), every µ-preserving ergodic transformation F : IRd → IRd, and µ-
almost every x ∈ IRd, the estimates F̂n(u) = Fn(u; x, Fx, . . . , Fn−1x) are such that
∫

||F̂n − F ||2 dµ → 0 as n → ∞.

Proof: The conditions of the theorem ensure that the support Λ of µ is bounded. As
F preserves µ it follows that µ(Λ \ F−1Λ) = 0. Therefore for µ-almost every x ∈ IRd

(equivalently µ-almost every x ∈ Λ) the trajectory of F starting at x is contained in
Λ.

Fix 1 ≤ l ≤ d, and let gl : IRd → IR be the l’th component function of F . If
X0 is a random vector with distribution µ, then the sequence X0, FX0, F

2X0, . . . is
stationary and ergodic. Moreover the sequence {(Xi, Yi) = (Xi, gl(Xi)) : i ≥ 0},
obtained by pairing Xi with the l’th component of Xi+1, is stationary and ergodic,
with regression function gl and associated error E(gl(X)−Y )2 = 0. As Λ is bounded
the response variables Yi are bounded with probability one. Let ĝl,n−1 be the estimate
obtained by applying the regression scheme of Section 3.1 to {(Xi, Yi) : 0 ≤ i ≤ n−2}
with error estimate Γn ≡ 0. (The reduction in sample size is due to the fact that
from X0, . . . , Xn−1 one obtains only n−1 pairs (X0, Y0), . . . , (Xn−2, Yn−2).) It follows
from Theorem A that

∫

(ĝl,n−1 − gl)
2dµ → 0 with probability one.

Each sample sequence of {(Xi, Yi)} is in 1:1 correspondence with a sample se-
quence of {Xi}, and each sample sequence of the latter process is a trajectory of F
determined by the initial value X0 = x. It follows that for µ-almost every x ∈ IRd the
estimates ĝl,n−1 derived from x, Fx, . . . , Fn−1x are such that

∫

(ĝl,n−1−gl)
2dµ → 0. If
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the component estimates are combined by setting F̃n(u) = (ĝ1,n−1(u), . . . , ĝd,n−1(u))

then for µ-almost every x ∈ IRd ,
∫

||F̃n − F ||2dµ → 0.
A slightly simpler estimate may be obtained as follows. Each component estimate

ĝl,n−1 is a histogram, based on a partition index kl,n−1 that is chosen based on the
available data. Define k∗

n = min{kl,n−1 : 1 ≤ l ≤ d}. Evidently k∗
n → ∞, and the

component estimates defined using partition πk∗
n

are consistent as before. Combining
these estimates one obtains the vector valued histogram

F̂n(u) =

∑n−1
i=0 F i+1x · I{F ix ∈ πk∗

n

[u]}
∑n−1

i=0 I{F ix ∈ πk∗
n

[u]}

As each component function of F̂n is consistent,
∫

||F̂n − F ||2dµ → 0 for µ-almost

every x ∈ IRd. ♣

Remarks: Bosq and Guégan [6] consider estimation of continuous maps F under
uniform mixing assumptions using kernel estimators. No conditions are placed here
on the regularity of F or on its mixing properties. When consistent estimates of
the invariant density f = dµ/dµ0 are available, the assumption that µ ∈ D(µ0, M)
can be dropped (see Section 3.2 above). In the special case when d = 1 and µ0

equals Lebesgue measure, the density estimates of Nobel, Morvai, and Kulkarni [34]
are consistent almost every trajectory of an ergodic µ-preserving transformation,
provided that f = dµ/dλ satisfies a variation condition.

The family of transformations consistently estimated by a fixed sequence {Fn}
may be quite large. To illustrate this, let d = 1 and let µ0 be Lebesgue measure on
Λ = [0, 1]. Setting M = 1, the following corollary of Proposition 1 is immediate.

Corollary 1 There exist functions Fn : [0, 1]n+1 → [0, 1], n ≥ 1, such that for
every ergodic Lebesgue measure preserving transformation F : [0, 1] → [0, 1], for
almost every x ∈ [0, 1] the estimates F̂n(·) = Fn(·; x, Fx, . . . , Fn−1x) are such that
∫ 1

0 |F̂n − F |2du → 0 as n → ∞.

Remark: Among the ergodic Lebesgue measure preserving transformations of [0, 1]
there is an uncountable subfamily with the property that no two transformations
in the subfamily are isomorphic. The functions Fn of the corollary give consistent
estimates of each such transformation from almost every one of its trajectories.

5 Ergodic Systems with Dynamical Noise

Recall that a system is said to obey a dynamical noise model if its state evolves
according to the recursion

Xi+1 = F (Xi) + Zi+1 (16)

where X0 ∈ IRd is the initial state of the system, F : IRd → IRd is a fixed map, and

Z1, Z2, . . . ∈ IRd are i.i.d., independent of X0, with EZi = 0. (17)

The regression estimates described in Section 3 are applied below to the problem of
estimating the map F from the observations X0, X1, . . .. These and several related
results are described in the next two subsections.
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5.1 Arbitrary Noise Distributions

Consider first the case where {Xi} is stationary and ergodic, and the distribution of
Xi is comparable to a known reference measure.

Proposition 1 Let µ0 be a reference measure on IRd with compact support and let
M > 1. There exist functions Fn : IRd × IRnd → IRd, n ≥ 1, such that for every
stationary ergodic process {Xi} obeying the noise model (16)–(17) and such that Xi

has distribution µ ∈ D(µ0, M) the estimates F̂n(u) = Fn(u : X0, . . . , Xn−1) are such
that

∫

(F̂n − F )2dµ → 0 (18)

with probability one as n → ∞.

Remark: Proposition 1 may be established using Theorem A and Lemma 1 below.
Its proof is similar to that of Theorem 2 in the next section and is therefore omitted.
The estimates F̂n of the proposition are vector valued histograms of the form

F̂n(u) =

∑n−1
i=0 XiI{Xi ∈ πln [u]}
∑n−1

i=0 I{Xi ∈ πln [u]}
,

where the index ln depends only on µ0, M , and X0, . . . , Xn−1.

Non-stationary measurements: It may happen that a system evolving according
to (16)–(17) fails to be stationary, but nevertheless converges to an ergodic steady
state. This happens, for example, if the system has an attracting stationary distri-
bution that differs from the distribution of X0. The conclusions of Theorem A and
Lemma 1 rely only on the asymptotic behavior of the measurements (Xi, Yi), and do
not require that the measurements be strictly stationary. In order to establish (18)
it is sufficient that for every bounded measurable function h : IRd × IRd → IR,

1

n

n−1
∑

i=0

h(Xi, Xi+1) → Eh(X, F (X) + Z) (19)

with probability one as n → ∞, where X has distribution µ, Z is distributed as Z1,
and X and Z are independent.

5.2 Absolutely Continuous Noise

Suppose now that {Xi} obeys the dynamical noise model (16)–(17) and is stationary.
Let µ be the common distribution of the observed Xi and let ν be the common
distribution of the perturbations Zi. The relation (16) implies that

µ = (µ ◦ F−1) ∗ ν (20)

where ∗ denotes convolution. Let λ denote Lebesgue measure on IRd. It follows from
(20) that if the noise distribution ν has a density with respect to λ (i.e. is absolutely
continuous) then the same is true of the distribution µ of Xi. In other words, if
dν/dλ exists, so does dµ/dλ. The assumption of absolutely continuous noise has
several useful consequences, which are considered below.
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Delecroix [10] considers estimation of the auto-regression R(x) = E(X1|X0 = x)
from ergodic processes {Xi : −∞ < i < ∞} such that, for each k ≥ 1, the conditional
distribution of Xk given X0, X−1, . . . has a continuous density. His estimates are of
the form

R̂n(x) =

∑n−1
i=0 Xi+1K((x − Xi)/hn
∑n−1

i=0 K((x − Xi)/hn

where K(·) is a bounded, Lipschitz continuous kernel with compact support, and hn

is a sequence of bandwidths tending to zero at an appropriate rate that does not
depend on the observed Xi. Györfi et al. ([18] Theorem 3.5.1) state a version of
Delecroix’s result under slightly weaker hypotheses. Verifying the conditions of their
theorem in the case of the dynamical noise model is straightforward, and yields the
following result.

Theorem B Let {Xi : i ≥ 0} be a bounded, stationary ergodic sequence obeying
the dynamical noise model (16)–(17) and such that Xi has distribution µ. If F is
continuous and the distribution ν of the noise has a continuous density, then f =
dµ/dλ exists and for any compact set Λ ⊂ IRd such that f(x) > 0 for x ∈ Λ,

sup
x∈Λ

|R̂n(x) − F (x)| → 0

with probability one. In particular,
∫

(R̂n − F )2 dµ → 0 with probability one.

Györfi [16] and later Györfi and Masry [17] consider recursive kernel density
estimates of the form

f̂n(x) =
1

n

n−1
∑

i=0

1

hd
i

K

(

x − Xi

hi

)

(21)

where K : IRd → IR is a non-negative kernel such that
∫

Kdx = 1, and with the

property that for each x ∈ IRd the function K(cx) is non-increasing in 0 < c < ∞.
The bandwidth sequence hi is proportional to i−b for any 0 < b < 1/d. It is shown

in Theorem 3.2 of Györfi and Masry [17] that the estimates f̂n are L1-consistent for
every ergodic process {Xi : −∞ < i < ∞} such that the conditional distribution
of X1 given X0, X−1, . . . is absolutely continuous with probability one. The next
theorem follows directly from this result.

Theorem C Let {Xi : i ≥ 0} be a stationary ergodic sequence obeying the dynamical
noise model (16)–(17), and let µ be the distribution of Xi. If the distribution ν of Zi

has a density then f = dµ/dλ exists and
∫

|f̂n − f |dx → 0 with probability one.

In conjunction with the density estimates of Theorem C and the error estimates
of Lemma 1 below, Theorem 1 may be used to obtain L2 consistent estimates of F
under weaker conditions than those of Theorem B. In particular, one may drop the
assumption that F and the density of ν are continuous.

Theorem 2 There exist functions Fn : IRd × IRnd → IRd, n ≥ 1, such that for every
stationary ergodic sequence {Xi : i ≥ 0} obeying the dynamical noise model (16)–(17)
the estimates F̂n(u) = Fn(u : X0, . . . , Xn−1) are such that

∫

(F̂n − F )2 dµ → 0,
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provided only that Xi is bounded and the distribution of Zi has a density. Here µ is
the distribution of Xi.

The proof of Theorem 2 is given in the next section. The following proposition,
showing that one may estimate the variance of the dynamical noise, is obtained as a
by-product of the proof, and may be of independent interest.

Proposition 2 There exist functions Gn : IRnd → IR such that for every bounded
sequence {Xi : i ≥ 0} obeying the dynamical noise model (16)–(17) the estimates
Ĝn = Gn(X0, . . . , Xn−1) → E||Z1||

2 with probability one if {Xi} is ergodic, or if the
weaker condition (19) holds.

5.3 Proof of Theorem 2

Let X0, X1, . . . ∈ IRd be a stationary ergodic sequence of random vectors and let
ξ1, ξ2, . . . ∈ IR be a bounded, i.i.d. sequence of random variables with Eξi = 0.
The processes {Xi} and {ξi} need not be independent. For example {ξ} may be
an innovations process generating {Xi} as in the dynamical noise model considered
above. It is assumed in what follows that

for each i ≥ 1, ξi+1 is independent of X0, . . . Xi (22)

Let g : IRd → IR be any measurable function such that g(Xi) is bounded with
probability one, and define a process {(Xi, Yi)} with

(Xi, Yi) = (Xi, g(Xi) + ξi+1) ∈ IRd × IR (23)

Under assumption (22) each pair (Xi, Yi) has regression function g and associated
error E(Yi − g(Xi))

2 = Eξ2
i .

Our immediate goal is to consistently estimate Eξ2
1 using the observations (23).

To this end define, for n ≥ 2,

rn = max

{

r ≥ 0 : |πr| ≤
n1/3

log n

}

Given observations (X0, Y0), . . . , (Xn−1, Yn−1) from (23) define the histogram

θn(x) =

∑n−1
i=0 YiI{Xi ∈ πrn

[x]}
∑n−1

i=0 I{Xi ∈ πrn
[x]}

(24)

and the error estimate

Γ̂n =
1

n

n−1
∑

i=0

(θn(Xi) − Yi)
2 . (25)

Note that Γ̂n depends only on (X0, Y0), . . . , (Xn−1, Yn−1). The proof of the following
Lemma is given after the proof of Theorem 2 below.

Lemma 1 For every stationary ergodic sequence X0, X1, . . . ∈ IRd, every function
g : IRd → IR such that g(Xi) is bounded with probability one, and every bounded i.i.d.
sequence ξ1, ξ2, . . . ∈ IR such that Eξi = 0 and (22) holds, the estimates Γ̂n converge
to Eξ2

1 with probability one.
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Proof of Theorem 2 Let {Xi : i ≥ 0} be any bounded stationary ergodic sequence
obeying the dynamical noise model (16)–(17) and such that the distribution of Zi

has a density. Fix l ∈ {1, . . . , d}. Let gl be the l’th component function of F and
let ξl,i be the l’th component of the random vector Zi. Consider the measurements
X0, . . . , Xn−1. Pairing Xi with the l’th component of Xi+1 gives a new sequence of
the form

(Xi, Yi) = (Xi, gl(Xi) + ξl,i+1) 0 ≤ i ≤ n − 2 (26)

Let Γ̂l,n−1 be the estimate (25) of Eξ2
l,1 based on the measurements (26). As each

Xj is bounded with probability one, the same is true of gl(Xi) and ξl,i. Moreover
EZi = 0 implies Eξl,i = 0, and (16)–(17) imply (22). It then follows from Lemma 1
that

Γ̂l,n−1 → Eξ2
l,1 (27)

with probability one as n → ∞. As noted in Section 5.2 the assumption that Zi is
absolutely continuous implies that the distribution µ of Xi has a density, f say, with
respect to Lebesgue measure. Let (21) be the recursive kernel estimate of f based on
X0, . . . , Xn−1. It follows from Theorem C that

∫

|f̂n − f | dx → 0 (28)

with probability one as n → ∞.
Let g̃l,n−1 be the histogram estimate of gl, defined as in (14)–(15), employ-

ing f̂n and Γ̂l,n−1. In conjunction with (27) and (28), Theorem 1 implies that
∫

(g̃l,n−1 − gl)
2 dµ → 0 with probability one as n → ∞. If the component estimates

are combined by setting F̃n(u) = (ĝ1,n−1(u), . . . , ĝd,n−1(u)), then
∫

||F̃n−F ||2dµ → 0
with probability one. Alternatively, this same property is shared by the vector-valued
histogram

F̂n(u) =

∑n−2
i=0 Xi+1 I{Xi ∈ πs∗

n

[u]}
∑n−2

i=0 I{Xi ∈ πs∗
n

[u]}

where s∗n = min{sl,n−1 : 1 ≤ l ≤ d} and sl,n−1 is the partition index selected for the
component estimate g̃l,n−1 according to (14). ♣

Proof of Lemma 1: Fix L < ∞ such that |g(Xi)| ≤ L and |ξi| ≤ L for each i ≥ 1
with probability one. Note that θn(x) = Un(x) + Vn(x), where

Un(x) =

∑n−1
i=0 ξi+1I{Xi ∈ πrn

[x]}
∑n−1

i=0 I{Xi ∈ πrn
[x]}

and Vn(x) =

∑n−1
i=0 g(Xi)I{Xi ∈ πrn

[x]}
∑n−1

i=0 I{Xi ∈ πrn
[x]}

.

Expanding the square in the definition of Γ̂n and collecting terms, one finds that
∣

∣

∣

∣

∣

Γ̂n −
1

n

n
∑

i=1

ξ2
i

∣

∣

∣

∣

∣

≤ |Θ1,n| + |Θ2,n| + |Θ3,n|,

where

Θ1,n =
1

n

n−1
∑

i=0

(Vn(Xi) − g(Xi))
2 Θ2,n =

2

n

n−1
∑

i=0

ξi+1(Vn(Xi) − g(Xi))
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Θ3,n =
1

n

n−1
∑

i=0

Un(Xi) [Un(Xi) + 2(Vn(Xi) − g(Xi)) + 2ξi+1]

The law of large numbers ensures that n−1
∑n

i=1 ξ2
i → Eξ2

1 with probability one, and
it is therefore enough to show that Θj,n → 0 with probability one for j = 1, 2, 3.

Let µ be the common distribution of the Xi. The conditional expectation of
g(Xi) given πr is

(g ◦ πr)(x) =
1

µ(π[x])

∫

π[x]

g(u)dµ(u)

if µ(π[x]) > 0 and is zero otherwise. If

ĝr,n(x) =

∑n−1
i=0 g(Xi)I{Xi ∈ πr[x]}
∑n−1

i=0 I{Xi ∈ πr [x]}
.

is obtained by averaging the values of g(Xi) within the cells of πr, then it follows
readily from the ergodic theorem that

max{ | gn,r(x) − (g ◦ πr)(x) | : x ∈ IRd} → 0 (29)

with probability one for each r ≥ 0.
Consider the term Θ1,n. For any sequence of numbers c1, . . . , cn the sum

∑n
i=1(ci − c)2 is minimized by setting c = n−1

∑n
i=1 ci. As the partitions πr are

nested, this fact implies that

Θ1,n ≤
1

n

n
∑

i=1

(gr,n(Xi) − g(Xi))
2 when rn ≥ r.

As rn → ∞, the relation (29) implies that

0 ≤ lim sup
n→∞

Θ1,n ≤ E((g ◦ πr)(X) − g(X))2

with probability one for each r ≥ 1. It follows from the martingale convergence
theorem and the diameter condition (6) that the right hand side above tends to zero
as r → ∞, and therefore limn Θ1,n = 0 with probability one. By the Cauchy-Schwartz
inequality,

|Θ2,n|
2 ≤ 4

[

1

n

n−1
∑

i=0

(Vn(Xi) − g(Xi))
2

] [

1

n

n−1
∑

i=0

ξ2
i

]

≤
4L2

n

n−1
∑

i=0

(Vn(Xi) − g(Xi))
2 = 4L2Θ1,n.

Thus |Θ2,n| → 0 with probability one as n → ∞.
In order to analyze Θ3,n, partition the cells of πrn

according to their (random)
occupation counts. Let

An =

{

A ∈ πrn
:

n
∑

i=1

I{Xi ∈ A} ≥ n2/3

}
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and let Bn = πrn
\An. Then as |Un(Xi)+2(Vn(Xi)−g(Xi))+2ξi| ≤ 6L, one obtains

the bound

|Θ3,n| ≤
6L

n

n
∑

i=1

|Un(Xi)|

≤ 6L

(

max
x∈∪An

|Un(x)|

)

+
6L

n

n−1
∑

i=0

|Un(Xi)| · I{Xi ∈ ∪Bn}. (30)

Here ∪An = ∪A∈An
A and ∪Bn is defined similarly. Since |Un(Xi)| ≤ L the second

term in (30) is at most

6L2

n

n−1
∑

i=0

I{Xi ∈ ∪Bn} =
6L2

n

∑

A∈Bn

n−1
∑

i=0

I{Xi ∈ A}

≤
6L2

n
|πrn

|n2/3 ≤
6L2

log n
. (31)

Fix constants δ1 = 1 and δn = 1/ logn for n ≥ 2, and consider the probability
that the first term in (30) exceeds δn.

IP

{

max
x∈∪An

|Un(x)| > δn

}

= IP

{

max
A∈An

∣

∣

∣

∣

∣

∑n−1
i=0 ξi+1I{Xi ∈ A}
∑n−1

i=0 I{Xi ∈ A}

∣

∣

∣

∣

∣

> δn

}

≤ IP

{

max
A∈An

∣

∣

∣

∣

∣

∑n−1
i=0 ξi+1I{Xi ∈ A}

n2/3

∣

∣

∣

∣

∣

> δn

}

≤ IP

{

max
A∈πrn

∣

∣

∣

∣

∣

n−1
∑

i=0

ξi+1I{Xi ∈ A}

∣

∣

∣

∣

∣

> δnn2/3

}

≤
∑

A∈πrn

IP

{
∣

∣

∣

∣

∣

n−1
∑

i=0

ξi+1I{Xi ∈ A}

∣

∣

∣

∣

∣

> δnn2/3

}

,

where the last inequality follows from the union bound. For each A ∈ πrn
the condi-

tion (22) ensures that ξ1I{X0 ∈ A}, . . . , ξnI{Xn−1 ∈ A} form a bounded martingale
difference sequence. By an application of Hoeffding’s inequality for martingale differ-
ence sequences ([20, 15]) the last sum above is at most

∑

A∈πrn

exp

{

−
δ2
nn1/3

L2

}

= |πrn
| · exp

{

−
n1/3

L2 log2 n

}

≤ n1/3 exp

{

−
n1/3

L2 log2 n

}

It follows that
∞
∑

n=1

IP

{

max
x∈∪An

|Un(x)| > δn

}

< ∞

and as δn → 0 the Borel Cantelli Lemma implies that maxx∈∪An
|Un(x)| → 0 with

probability one. This and (30) show that Θ3,n → 0 with probability one. ♣
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